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Abstract 



The Standard Model has been shown to be consistent with 
observations up to the electroweak scale. The 50(10) grand 
unification group provides an elegant way to unify the gauge 
interactions and the particle content of the Standard Model. 
The replication of the three generations of the Standard Model 
cannot be explained in this framework. At present the best 
candidate for providing a unified theory for matter and its 
interactions is string theory. 

Among the most advanced realistic string models that have 
three generations with a 50(10) embedding are the heterotic 
free fermionic x Z2 orbifold models. This thesis provides 
a classification of the chiral content of the heterotic Z2 x Z2 
orbifold models. We show that the chiral content of the het- 
erotic %2 X ^2 orbifold models at any point in the moduli space 
can be described by a free fermionic model. We present a 
direct translation between the orbifold formulation and the 
free fermionic construction. We use the free fermionic de- 
scription for the classification wherein we consider orbifolds 
with symmetric shifts. 

We show that perturbative three generation models are not 
obtained in the case of Z2 x Z2 orbifolds with symmetric shifts 
on complex tori, and that the perturbative three generation 
models in this class necessarily employ an asymmetric shift. 
We show that the freedom in the modular invariant phases in 
the N = 1 vacua that control the chiral content, can be inter- 
preted as vacuum expectation values of background fields of 
the underlying = 4 theory, whose dynamical components 
are projected out by the Z2 fermionic projections. In this class 
of vacua the chiral content of the models is determined by the 
underlying N = A mother theory. 
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results in chapters HI and |9l are based on three papers. The 
first paper reports on a talk given at the second String Phe- 
nomenology Conference in Durham, UK |29|. The second pa- 
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Chapter 1 



Introduction 



One of the most remarkable achievements in physics has been the de- 
velopment of the Standard Model that describes the strong, weak and 
electromagnetic forces. These three forces together with the matter con- 
tent of the Standard Model have been shown to be consistent with ex- 
perimental observations up to the electroweak scale. 

In the Standard Model the interactions are invariant under the gauge 
group SU{3)c X SU{2)l x U{1)y above the electroweak scale. In the 
Standard Model there are three families of chiral leptons and quarks. 
Each family has two SU (2) l weak doublets, of which one weak doublet 
transforms as a strong SU{3)c triplet, and three SU{2)l singlets, two 
of which transform as strong SU{3)c triplets. The Higgs weak doublet 
gives mass to particles below the electroweak scale. The forces are me- 
diated by the gauge bosons of the Standard Model gauge group. The 
chiral matter content for each family is summarized in table ll.OTTl 

Below the electroweak scale the SU{2)l x U{\)y symmetry is broken 
to U{1)qed thereby giving mass to the and Z gauge bosons of the 
broken symmetry through the Higgs mechanism. The Higgs mecha- 
nism furthermore ensures that matter in the Standard Model acquires 
a mass. In this process the SU{2)l gauge bosons mix with the f/(l)y 
gauge boson giving rise to the Weinberg or weak mixing angle Ow- 

To fully determine the Standard Model we need to fix its parameters. 
Three gauge couplings determine the strength of the gauge interactions. 
Nine Yukawa couplings describe the mass of three electron type chiral 
matter, three down type chiral matter and three up type chiral mat- 
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Table 1.0.1: The chiral matter content of the Standard Model decom- 
posed under the gauge group SU{3)c x SU{2)l x U (l)y for each family. 



ter. The Standard Model requires three mixing angles and one weak 
CP violating phase for the CKM matrix. The 9qc d phase parameterizes 
possible CP violation in the strong sector. Additionally, there are two 
parameters in the Higgs potential setting the electroweak symmetry 
breaking scale. All these parameters are measured by experiments and 
one would like to have a theoretical explanation for their origin. The 
results of the experiments done at LEP show a repetition of 2.994 it 0.012 
light neutrinos in the Standard Model adding strong experimental sup- 
port to the existence of just three families of quarks and leptons.|48J 
This thesis focuses on the replication of three generations in the Stan- 
dard Model. 

An elegant way to explain the gauge couplings and the chiral matter 
content of the Standard Model is by introducing a 50(10) grand unified 
theory (GUT). The chiral matter content of a three family 50(10) model 
is described by three chiral 16 representations of 50(10). Each chiral 16 
50(10) representation contains the chiral matter of the Standard Model 
plus a right handed neutrino. Breaking each 50(10) to the Standard 
Model gauge group 5?7(3)c x SU{2)l x U{\)y decomposes each 16 of 
50(10) multiplet into the Standard Model multiplet structure listed in 
table ll.OTTl plus the right handed neutrino which is a singlet under each 
Standard Model gauge group. The right handed neutrino allows for 
massive neutrinos. A nonzero mass for the neutrino has been supported 
by the observation of neutrinos oscillations. fSF.TSI However, the 50(10) 
grand unified theory cannot explain the number of generations observed 
in nature. 

Ever since the first GUT was proposed, physicists have been troubled by 
the existence of two mass scales, the electroweak scale and the Planck 
scale, that differ by approximately thirteen orders of magnitude. This is 
known as the hierarchy problem. In terms of perturbative field theory, 
this implies an almost exact cancellation between the bare mass of the 
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Higgs boson, determining the electroweak scale, and its radiative cor- 
rections from the GUT scale. In order to stop the mass of the Higgs boson 
from becoming too large, an intermediate scale between the Planck and 
the electroweak scale should be introduced. At this intermediate scale 
a symmetry between bosons and fermions, known as supersymmetry 
(SUSY), is present. If supersymmetry is exact then diagrams with boson 
loops exactly cancel diagrams with fermion loops. In the case of broken 
global supersymmetry the boson and fermion loops will cancel up to 
corrections from the broken SUSY scale. The introduction of supersym- 
metry therefore solves the hierarchy problem by suppressing radiative 
corrections to the Higgs mass terms above the SUSY breaking scale. A 
promising feature of 50(10) unification, with supersymmetry included, 
is that by giving the Standard Model couplings in terms of the 50(10) 
coupling, it predicts the weak mixing angle sin^ 6w that agrees with 
observations to a very high precision. [i70t HJ However, supersymmetry 
cannot explain the number of generations. 

Although this scheme of unification and the introduction of supersym- 
metry at an intermediate scale gives very good results, we have left out 
the force of gravity in our description of elementary matter and its in- 
teractions. Unifying the four forces using the highly successful method 
of field quantization as used in the Standard Model has been shown to 
give a nonrenormalizable theory.|9| At present the best candidate for 
unifying the four forces is string theory. In string theory the funda- 
mental objects are one dimensional particles, known as strings. The 
Lagrangian describing string theory has only one parameter, known as 
the string tension. However, a consistent string theory has enough de- 
grees of freedom to describe a ten dimensional target space. One way 
to reduce the ten dimensional target space to the observed four dimen- 
sional target space is by compactifying the additional six dimensions. 
Another way to describe a string in four space time dimensions is by 
treating the additional degrees of freedom in the Lagrangian as fields 
on the world sheet not related to any spacetime coordinate a priori. The 
two descriptions have been shown to be equivalent in a wide class of 
models. [6 1/30] There are many different ways of reducing the number 
of dimensions. Consequently we have introduced even more degrees of 
freedom than we started out with in the Standard Model. The prob- 
lem of finding the correct vacuum of string theory is one of the major 
problems in string theory today. 

Among the most realistic phenomenological string models to date are 
the three generation heterotic string models, constructed in the free- 
fermion formulation. These models have been the subject of detailed 
studies, showing that they can, at least in principle, account for de- 
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sirable physical features including the small neutrino masses, the con- 
sistency of gauge-coupling unification with the experimental data from 
LEP and elsewhere. An important property of the fermionic construc- 
tion is the standard SO(IO) embedding of the Standard Model spectrum, 
which ensures natural consistency with the experimental values for 
sin^ 6w at the electroweak scale and allows neutrinos to have a nonzero 
mass below the electroweak scale. I70J 



A key property of the realistic free fermionic models is their underlying 
^2 X ^2 orbifold structure. The emergence of the three chiral gener- 
ations in a large class of fermionic constructions is correlated with the 
existence of three twisted sectors in the 1,2 x Z2 orbifold of the six dimen- 
sional internal space. Each twisted sector produces exactly one of the 
light chiral generations and there is no additional chiral matter. Thus, 
the fermionic construction offers a plausible and compelling explanation 
for the existence of three generations in nature. However, the geometri- 
cal structures that underlies the realistic free fermionic models are not 
fully understood. This thesis tries to shed light on this aspect and on 
the geometrical mechanism that reduces the number of generations in 
the Z2 X Z2 orbifold models. 

We are interested in the net number of chiral generations. In the I2 x I2 
orbifold models, the net number of generations comes from the twisted 
sectors. The untwisted sector has an equal number of generations and 
anti-generations. By compactifying the heterotic string on a Z2 x Z2 
orbifold we are left with the moduli of the three planes (Tj, Ui), where 
i runs over the three twisted planes. We argue in section 13.41 that the 
matter spectrum of the twisted sectors does not depend on the moduli. 
Consequently we can choose any value for the moduli space to investi- 
gate the chiral content of the Z2 x Z2 orbifold. We choose the maximal 
symmetry point in the moduli space as this point can be described by a 
free fermionic model. By selecting a specific free fermionic model and 
describing its chiral content we have therefore described the chiral con- 
tent of all models that are related to the selected free fermionic model 
by a change of the moduli (Tj, Ui) of the internal space. 

In this thesis we classify the chiral content of the heterotic Z2 x Z2 
= 1 supersymmetric orbifolds. This classification is possible since we 
can choose any point in the moduli space to describe the chiral content 
as explained above. This choice gives us the opportunity to describe the 
chiral content of the heterotic Z2 x Z2 orbifolds in the free fermionic 
construction. We argue in section [53] that in the realistic free fermionic 
models the number of generations is reduced by symmetric shifts. In 
the orbifold description symmetric shifts on the internal space are well 
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known. We show in chapter |6l the correspondence between symmetric 
shifts on the internal space and symmetric shifts in the free fermionic 
description. As the hidden Eg gauge group is broken to 50(16) and then 
further broken to SO (8) x SO (8) in the reaHstic free fermionic models 
we include these possibilities of symmetry breaking in our classification. 
The classification of the chiral content therefore includes all = 1 x 
1i2 models where symmetric shifts are realized on the internal space 
and where the hidden gauge group is at most broken to SO {8) x SO {8) 
at any point in the moduli space. 

In the classification we define four subclasses of x orbifolds. The 
first subclass of models has spinorial representations on each plane. 
The second subclass has spinorial representations on two of the three 
planes. The third subclass has spinorial representations on only one 
of the three planes. The fourth subclass does not have spinorial rep- 
resentations on any of the three planes. In chapter lU we explain that 
a free fermionic model is defined by a set of basis vectors and a set of 
generalized GSO coefficients. We show in chapter |6l that in each sub- 
class of models, the basis vectors that induce the Z2 x Z2 twists are 
completely fixed. The basis vectors describing the symmetric shifts on 
the internal space and the Wilson lines in the hidden sector are com- 
pletely fixed as well. The only free parameters in the classification are 
therefore the generalized GSO coefficients in the free fermionic formu- 
lation. We classify the chiral content of the heterotic Z2 x Z2 orbifolds 
by looking at all possible values for these GSO coefficients. This is done 
using a computer program written in FORTRAN. We show that a sub- 
class of Z2 X Z2 orbifold models have a geometrical interpretation at the 
= 4 level. In these models the symmetric shifts on the internal space 
and the Wilson fines that break the hidden Es 5*0(8) x 50(8) are 
completely separated from the twists on the internal space. We show 
that the freedom in the modular invariant phases in the = 1 vacua 
that control the chiral content, can be interpreted as vacuum expecta- 
tion values of background fields of the underlying = 4 theory, whose 
dynamical components are projected out by the Z2 fermionic projections. 
In this class of vacua the chiral content of the models is predetermined 
at the A^ = 4 level. We restrict the numerical classification to those 
models that have a geometrical interpretation at the A^ = 4 level due to 
computational limitations. 

The results of the classification show that three generation models can 
be realized using symmetric shifts. The observable gauge group in these 
models cannot be broken perturbatively to the Standard Model gauge 
group while preserving the matter content. Additionally, the complex 
structure of the internal space is necessarily broken, thereby splitting 
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the internal r6,6 lattice into six Ti i lattices. The classification shows 
that in the context of the realistic free fermionic Z2 x models the 
reduction of the number of generations to the observed three, necessar- 
ily requires asymmetric shifts on the internal space. This is one of the 
main results of the analysis and it reveals, at least in the context of the 
three generation free fermionic models, that the geometrical structures 
that underly these models may not be simple Calabi-Yau manifolds, but 
it corresponds to geometries that are yet to be defined. 

This thesis is organized as follows. In chapter |2l we give a short re- 
view of the heterotic string. We show that in a conformal field theory 
bosons can be interchanged by fermions. We give a short overview of the 
closed string models. In chapter |3l we discuss the orbifold formulation 
of a string on a compact space. We discuss the construction of the free 
fermionic models in chapter |4| Chapter |5l contains a typical derivation 
of the particle content of a free fermionic model. Two models are dis- 
cussed in detail. In chapter IH we isolate the free parameters of x Z2 
orbifolds in the heterotic string using the orbifold description. In chap- 
ter[7lwe translate this orbifold description to the fermionic formulation. 
We then focus on the chiral content of these models. Using the formulas 
derived in chapter [7l we give in chapter |8l an example of a model that 
has 48 families as well as a model that has 3 generations. Similar ex- 
amples of models with a particular number of generations are given. In 
chapter |9l we discuss the results we obtained from our analysis. We end 
this thesis with chapter [TO] giving some suggestions for future work and 
an overall conclusion. In appendix |A| we give the full spectrum of two 
sample free fermionic models of the heterotic string. We give the explicit 
results of the classification of the chiral Z2 x Z2 fermionic models of the 
heterotic super string in appendix |B1 
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Chapter 2 

The Heterotic String 



In this chapter we construct the heterotic string. We describe the bosonic 
string. We show how bosons are related to fermions in a conformal field 
theory description. This will be one of the building blocks for the free 
fermionic description of the heterotic string. The four different closed 
strings are discussed. We explain how the different string theories are 
related by dualities. 



We construct the string from basic principles. We introduce the operator 
product expansion of two operators that will allow us to explain the 
equivalence between bosons and fermions. We refer to L66J for more 
details. 

Considering higher dimensional objects as elementary particles, where 
the world manifold is scale invariant leads automatically to the notion 
of strings. These strings have necessarily a 2 dimensional world sheet 
and their action is described as 



where ol is the string tension, M is the string world sheet. The bosonic 
fields are maps from the world sheet to the target space and ^ runs 
over the number of spacetime dimensions and a runs over the number 
of world sheet dimensions i.e. 2. o parameterizes the world sheet. This 



2.1 The String 




(2.1.1) 
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Section 2.1. The String 




Figure 2.1: The map from the cyhnder to the compactified complex plane 



action is known as the Nambu-Goto action. The ol is the string tension 
and M is the string world sheet. This action is rewritten as the Polyakov 
action 

Sp = -^ [ cPa {-j)^/^r'daX''dhX^, (2.1.2) 

where 7'^'' is the metric on the world sheet. From now on we consider 
only closed strings. This means that the world sheet becomes a cylinder. 
In this case, the Polyakov action can be rewritten as an integral over the 
complex plane by first defining light cone coordinates following a Wick 
rotation. We then map the world sheet to the complex plane by mapping 
the in state to the origin and the out state to infinity as is done in figure 

2 = e"™ = + (2.1.3) 

where w = ia^ + a^. This can be realized due to the scale or conformal 
invariance of the theory. We then complexify the fields on the world 
sheet. Deriving the equations of motion shows that the fields split into 
left and right moving sectors. Since the left and right moving sectors 
are pure holomorphic and anti-holomorphic functions on the world sheet 
respectively, we can expand these fields into a Laurent series. 

An interesting feature has arisen when we projected the world sheet to 
the complex plane. When calculating the integral of equation ( 12. 1.21 1 on 
the complex plane the integral in the radial direction is trivial while 
the contour integral only picks up residues. Since we have mapped the 
in state to the origin we have effectively removed the origin from the 
complex plane and replaced this with a residue, or in state. This contour 
integral therefore picks up the residue at the origin. The in state is 
therefore realized by the residue. In a similar fashion we can replace 
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Section 2.2. Bosonization 



each incoming or outgoing state on the world sheet by a residue on the 
complex plane. The only requirement induced by time like ordering of 
the QFT is that the poles are ordered radially. The interesting part of 
the theory therefore is encrypted in the poles of the fields on the complex 
plane. 

The operator product expansion is a result of this realization. First con- 
sider a field 0. Any change of this field induced by a conformal trans- 
formation is identical to the commutator of the field with the conformal 
Noether charge 

d,(t>{z,z) = [Q,,(l){z,z)l (2.1.4) 

where is the infinitesimal flow along the conformal direction and 
is the conformal charge which generates the conformal transformations. 
This can be seen to be identical to the contour integral over the radially 
ordered product of the stress tensor with the field 0. Since the contour 
integral only picks up the values at the poles we can write the prod- 
uct of two operators ^1,2(0"!, 2) defined at ai 2 on the world sheet as an 
expansion of the poles plus a regular part 

Ai{ai)A2{a2) = poles + : .Ai (0-1)^2 (0-2) (2.1.5) 

where : : defines the standard normal ordering of operators in a QFT 
and is known as the regular part. Usually the regular part is omitted 
and one only writes down the poles. For more details we refer to l 52tl7Tll 



2.2 Bosonization 

In this section we describe the correspondence of fermions and bosons in 
a conformal field theory. We derive this equivalence from the operator 
products of both fermions and bosons. 

We show that in a conformal field theory we can interchange bosonic 
fields with fermionic fields. This is important for the construction of 
the free fermionic models. In this section we set a' = 2. We follow the 
methods employed in 1,671 . 

As we have explained in the previous section all information of the 
conformal field theory is embedded in the operator products. Let us 
now consider the operator product expansion of the bosonic fields X{z), 
X{w). We find. 

X{z)X{0) = -Inlzf + 0{z). (2.2.1) 
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Section 2.2. Bosonization 



Consider now the operators e='=*"^(^) . Using the Campbell-Baker-Hausdorff 
formula 

^ipX^iqX ^ ^ipX{z)+iqX{0)+^pq[X(z),X{0)]+... (2.2.2) 

we find they have the operator product expansions 

^iX(z)^~iX{o) ^ ^ + 0{z), (2.2.3a) 

g*x(^)g*x(o) ^ (2.2.3b) 

g-iX(2)g-iX(o) ^ (2.2.3c) 

Similarly, consider now the operator product expansion of two complex- 
ified Majorana-Weyl fermions ^^'^(z) 

i; = l={^^+i^P^), ^ = _L(^i_i^2)_ (2.2.4) 

Their operator product expansions are 

i'{z)i^{0) = ^ + 0{z), (2.2.5a) 

V'(z)V'(0) = 0{z), (2.2.5b) 
'^{z)ip{0) = 0{z). (2.2.5c) 

We see that equations ( 12.2.31 1 are equal to equations ( 12.2.51 1. Therefore, 
we find the equivalence between bosons and fermions and write 

4,{z) ^ e'^^^\ i>{z) ^ e-'^^'\ (2.2.6) 

where the equal sign should be interpreted as being valid primarily as a 
statement for the expectation values of the two fields. This can be easily 
extended to the anti-holomorphic or right moving sector. From equation 
( I2.2.6t we see that a shift around half the compactified dimension is 
realized by 

X{z) ^ X{z)+^ ^ ^Ij{z) ^ -^l){z) (2.2.7) 

and similarly for the right moving sector. Therefore any shift on the 
bosonic coordinates can be realized by a suitable choice of boundary con- 
ditions for the free fermionic degrees of freedom. 

This boson-fermion equivalence is crucial for the further development 
of the construction of the heterotic string in lower than 10 dimensions. 
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Section 2.3. The Closed String Models 
2.3 The Closed String Models 

In this section we give a small overview of the four different closed 
string models. We first discuss the two type II strings. The heterotic 
strings are then discussed. The Type I string is mentioned briefly. 

In section I2A1 we have discussed that the left and right moving sectors 
are completely decoupled in the closed string. We can therefore con- 
struct several string theories by setting the configuration of the left and 
right moving sectors. 

The type II strings are defined such that both their left and right moving 
sectors are = 1 super symmetric. The different types of the Type II 
strings arise due to the chirality of the super current on the left and 
right moving sector. The type IIA strings have opposite chirality, while 
the Type IIB strings have the same chirality of the super current in the 
two sectors. 

The heterotic strings are of a different form. In our formulation the left 
moving sector is defined to be super symmetric, while the right moving 
sector is non super symmetric. Since the left moving sector gives a 10 
dimensional target space, the 16 additional degrees of freedom in the 
right moving sector are considered to be free. They can either make up 
an 50(32) gauge group or a Es x Es. This gives rise to the two different 
heterotic string theories. 



2.3.1 The type II string 

Constructing a super symmetric string action puts constraints on the 
number of dimensions and as such, constraints on the type of world 
sheet fermions. It can be shown that the string action can be only super 
symmetric in D = 3,4,6, 10|43|. We consider only the case when D = 
10. The super coordinates are then necessarily Majorana-Weyl which 
requires the assignment of chirality. Although chirality is a matter of 
convention the relative chirality of the two string directions, left and 
right, is physically different. The Type IIA string has opposite chirality 
for the left and right movers. Type IIB strings have the same chirality 
in the left and right moving sector. It can be shown that the type IIA 
strings are not chiral contrary to the type IIB strings. 

In general relativity, space time spans up four dimensions. We there- 
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fore need to configure the target space of the super string in such a way 
that the low energy region of the theory exhibits effectively a four di- 
mensional space. One way to reduce the number of dimensions is by 
the compactification of six dimensions. The simplest way to achieve this 
is to compactify the string on a torus|44|. It has been shown that the 
maximal number of space time super symmetries for the type II strings 

is iV = sEHIZlJ. 

The Minimal Super Symmetric Standard model (MSSM) is realized with 
= 1 spacetime super symmetry. There are several ways to reduce 
the number of super symmetries from = 8 down to = 1. In early 
works lattice constructions, orbifold methods, sigma models techniques, 
exactly solvable conformal blocks and notably the free fermionic formu- 
lation were used for this reduction lHHI . More recently the connection 
between the free fermionic formulation and the orbifold construction 
has lead to the classification of the type II strings|46|. 

It is believed that all string models are related by duality. One duality 
which is easy to see is known as T-duality. This equivalence of two 
string theories is realized when the closed string is compactified on a 
circle. In this configuration not only the momenta contribute to the 
mass but also the winding modes of the string, i.e. how many times 
the string is wound on the circle. The spectrum of the string is then 
invariant under winding and momenta mode exchange by inverting the 
radius of the circle R ^ R' = ^. The result is that physically the 
R ^ oo limit is equivalent to the R' ^ limit. This is purely due to the 
extended nature of the string. 

Having constructed a theory with fields on a two dimensional world 
sheet, we would like to see what the low energy effective field theory 
description is. We can realise such a theory by describing the variation 
of the couplings as a function of the conformal invariance. Because we 
impose conformal invariance at the quantum level we find that the cou- 
plings in the 2D theory cannot run. This leads to constraints. Since 
constraints in general can be realised as equations of motion derived 
from an action we see that we have found an action that describes the 
low energy effective field theory in D = 10. The low energy effective 
field theory that is derived from the type IIA/B strings is known as type 
IIA/B super gravity. 

The Type IIA/B string has a D = 10 target space as we have argued. 
This constraint is only realised at the perturbative limit. All the ar- 
guments were derived from the perturbative string. The perturbative 
regime is only valid when the string coupling is small. The string cou- 
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pling is directly related to the dilaton field Qs = e^'^^ . Considering super 
symmetry in itself however, leads to the conclusion that we can have at 
most a D = 11 spacetime. Suppose now that the string coupling is di- 
rectly related to the radius of a compactified eleventh dimension. We 
can then derive the low energy effective field theory from the string in 
the higher dimensional space. This would lead to a IID super gravity 
theory with one compactified dimension. This indeed turns out to be 
correct for the Type IIA string. It can be shown that in the limit where 
the compactified eleventh dimension of the super gravity field theory is 
reduced to zero by dimensional reduction, we retrieve the lOD type IIA 
super gravity low energy effective action. For more details concerning 
this derivation we refer to 1 73 1 . 



2.3.2 The heterotic string 

The heterotic string was first constructed by 1 47 1 and employs both the 
bosonic string and the super string. Since the left and right moving 
sectors are completely independent, we set in the formulation of this 
thesis, the left moving sector to be super symmetric and the the right 
moving sector to be purely bosonic. Note that this is mirrored in some 
standard worksP^Tl |43l |44l |68l |^7l. This gives us a ten dimensional 
theory with remaining degrees of freedom coming from the right moving 
sector. These remaining degrees of freedom either form a SO (32) or a 
Eg X Eg gauge group. 

In the MSSM we find a = 1 spacetime super symmetry and a D = A 
target space or space time. Again there has been considerable effort 
to reduce the number of dimensions and super symmetries. Although 
many different ways have been employed, we note here two that have 
been used extensively. Toroidal compactifications are the most widely 
used compactification scheme, in particular orbifold compactifications. 
They are identified as "Em and x Zjv orbifolds. It has been shown 
that only a limited number of these types of orbifolds reduce the number 
of the super symmetries to the number of the MSSM.|69| Of particular 
interest for phenomenology are the I12 x Z2 orbifold compactifications. 
As this thesis is concerned with this last scheme of compactification we 
refer to chapter |5l for more details. 

It has been shown that the 50(32) and Eg x Eg heterotic string theories 
are related by T-duality at all orders in perturbation theory. The reason 
for this lies in the fact that a compactified dimension allows for the 
presence of non-vanishing Wilson lines. These Wilson lines can break 
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50(32) SO{l6) X S0{16). A similar configuration can be realised by 
the Eg X Eg model with a compactified dimension of radius 1/R. For 
more detail see Il73l . 

In order to have a unification of the five string theories, heterotic string 
theory has to have a description in the UD stringy theory, from now on 
called M-theory, as well. This description is known as Hofava-Witten 
theory|49, 50 1 . To fully understand the rational for the exact description 
of this theory, an explanation of the different dualities of the five string 
theories is necessary. In section l2l4l we describe these issues in more de- 
tail. To obtain the type IIA string from M-theory we have compactified 
this theory on a circle. If we instead compactify on the orbifold 
or a line segment we find a chiral = 1 super gravity theory with Eg 
vector multiplets on each orbifold fixed plane or the boundaries of the 
line segment. It has been shown that the low energy effective field the- 
ory of heterotic Eg x Eg string theory describes the same particle content 
and it is therefore believed that by compactifying M-theory on the jl^i 
orbifold, we obtain Eg x Eg heterotic string theory. Similar to the type 
IIA case again the heterotic string coupling constant is proportional to 
the length of the line segment or radius. 



2.4 Dualities 



We have seen that the dimensional reduction of WD super gravity is 
type IIA super gravity. In this construction we have compactified the 
WD theory on a circle. We can also consider compactifying M-theory on 
a torus. We will follow 1 73 1 in our approach. One would expect that 
this would reduce the theory to a 91? super gravity theory. However 
since we are dealing with a stringy theory, membranes are naturally 
in the spectrum of the M-theory. Membranes appear more naturally in 
type I strings. This type I theory of strings has both open and closed 
strings. The open strings have end points and one can show that these 
end points are located on higher dimensional planes called membranes. 
Since we only consider closed string theories we do not explain them 
here in more detail. We refer to the books I68L I67L 143'. "44 1 for more de- 
tails. These branes can wrap the torus just as strings can wrap the 
circle as explained before. Reducing the size of the torus but maintain- 
ing its shape one can show that the wrapping modes become massless 
and complete the spectrum of the chiral Type IIB string spectrum. We 
have thus realised a connection, through M-theory with IIA and IIB 
string theory. The connection can be realised even at the D = 10 level. 
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It has been shown that the type IIA is T-dual to the type IIB string. The 
string couphng of the type IIB string is then = ^ . Since a repa- 
rameterisation of the torus interchange Rio and Rn we can see that the 
type IIB string with string couphng gs is dual to the type IIB string with 
string coupling 1/gs- This type of duality is known as S-duality. We see 
that the type II strings can be seen as different regions of a 1 ID theory. 

In order to see how the heterotic strings are realised by dualities it 
is necessary to include type I strings. Open string theory can be con- 
structed using the type IIB strings. The Type IIB string diagrams are 
orientable manifolds. The type I strings are equivalent except for the 
fact that their diagrams are unorientable. This renders the type I closed 
string sector anomalous. This can be countered by including the open 
string sector of the Type I strings. The SO (32) gauge group arises by 
including Chan-Paton factors at the end points of the open strings. This 
was found in |42| and already then there was a hint of the heterotic 
string theories. It can be shown that the T-dual type I theory (Type lA) 
is equivalent to the Type IIA theory compactified on the orbifold 5^/22- 
The fixed points of this orbifold are 8-planes with a 5'0( 16) gauge group. 
Now again we can lift the Type IIA to M-theory and we find that type 
lA is M-theory compactified on a cylinder. 

Although all string theories are different limits of this M-theory, it has 
not been possible yet to write down the M-theory explicitly. Conse- 
quently we are left with all sorts of different descriptions for the same 
thing. The benefit of all these different descriptions is that one descrip- 
tion suits one purpose better than the other. In Type I string theory the 
gauge group arises from Chan-Paton factors attached to the end points 
of the open string. Consequently Type I string theory cannot describe a 
chiral spectrum. In heterotic string theory we do not find this obstacle 
as is shown in chapter [Hand subsequent chapters. Since the MSSM is a 
chiral theory, heterotic string theory provides a convenient description 
in the search for phenomenological string theories. 
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Chapter 3 

The Orbifold Background 



In this chapter we set up the orbifold description of the heterotic string. 
The total string amplitude is a sum over all possible Riemann surfaces, 
similar to the sum over all Feynman graphs in QFT, moded out by con- 
formal invariance, which relates Riemann surfaces to each other. Only 
the tree amplitude and the first loop amplitude are well understood in 
string theory. The tree amplitude can be parameterised as a sphere by a 
stereographical projection. Since the tree amplitude does not take quan- 
tum corrections into account we will focus on the next simplest closed 
Riemann surface after the sphere, the torus. We discuss its symmetries. 
We then consider the bosonic string in one space time dimension as a 
toy model. We continue to extend this discussion to the higher dimen- 
sional case. This leads us to the fermionization and bosonization on the 
world sheet torus similar to what we have seen in section 12.21 We fol- 
low II54II in our approach. We first consider this equivalence in the one 
dimensional target space case after which we extend this to the two di- 
mensional background case. We continue to introduce the construction 
of orbifolds and we explain the 5V^2 orbifold in detail. We define twists 
on the two dimensional target space. Having dealt with the higher di- 
mensional orbifolds we introduce shifts on the compactified dimensions. 
Again we start with the one dimensional case which we generalise to 
the two dimensional case. 
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T+ 1 







Re w 



Figure 3.1: The torus as a quotient of the complex plane. 



3.1 The Torus 



In this section we show the symmetries of the torus that are derived 
from conformal invariance of the string and reparameterisation invari- 
ance of the torus. Since the surface of the one-loop string amplitude is 
conformally invariant we can set the surface area to 1. If we pick co- 
ordinates cri,o"2 G [0, 1] the area of the torus is 1 if the determinant of 
the torus metric is one. We parameterise the torus metric by a single 
complex number r = ri + iT2 with T2 > 0. The metric of the torus is then 
defined as 



9' = — 



-n 



-n 
1 



(3.1.1) 



In this parameterisation r is known as the complex structure or modu- 
lus of the torus and is usually called the Teichmiiller parameter. 



We will now consider the symmetries of the torus. We can realise the 
torus by identifying points w on the complex plane with 

+ w ^ w + T (3.1.2) 

as is done in figure lOI 



It is then easy to see that the translation t —>■ t + 1 realises the same 
torus. We have thus found one symmetry of the torus. A similar type 
of reformation of the torus leads to the second symmetry. In the first 
case we have moved the defining vector r by a value of 1. The second 
reformation results in the transformation r . We can now realise 
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the two orthogonal modular transformations 

T r + 1, (3.1.3a) 

T ^ --. (3.1.3b) 

r 

Another way to write these transformations exhibits the modular group 
more clearly. We can write equations <3.1.3tt as 

r' = (3.1.4) 

CT + a 

where we can put the numbers a, b, c,d in a matrix formulation 

.^(«^). <3.1.6, 

The matrix A has integer entries and has determinant 1 and forms the 
group SL{2, TL). Since a change of sign does to affect the modular trans- 
formation we find that the modular group is PSL{2, %) = SL{2, Z)/Z2. 



3.2 The String on a Compact Target Space 



In this section we describe the compactified bosonic string and the free 
fermionic string. We start by setting the bosonic string in one com- 
pactified space dimension. We calculate the partition function starting 
with the action. We then extend this analysis to the two dimensional 
case. We employ a similar tactic with the free fermionic string. Again 
we derive the partition function of a string with two holomorphic and 
two anti-holomorphic free fermions on the world sheet starting with the 
action. 



3.2.1 The bosonic string 



We discuss the compactification of the bosonic string on one compact di- 
mension. We set the string for convenience in a one dimensional target 
space and do not consider any anomalies. The field X takes its values 
on the circle with radius R. The Wick rotated Polyakov action for the 
string in a one-dimensional background is similar to equation ( 12. 1.21 1 

5 = -3- / d^a^g'^diXdjX, (3.2.1) 
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where X is again a map from the world sheet to the target space and g 
is the metric on the world sheet. Using equation ( 13.1.11 1 we evaluate the 
partition function of this configuration 

Z{R) = J VXe-^. (3.2.2) 

To evaluate this path integral we consider fluctuations of the classical 

field Xclass 

X = X,iass + X- (3.2.3) 

Since the classical field is periodic when it goes around the two non- 
contractible loops of the torus we find that the classical equation of mo- 
tion of the field X^ass is realised when 

Xdass = 27ri? (nai + ma2)- (3.2.4) 

The action is separated into a quantum and a classical contribution. We 
can therefore write the partition function Z{R) as 

Z{R)= ^ e-^"^'" j Dxe'^^^\ (3.2.5) 

where 

Sm,n = |m-nT|^, (3.2.6) 

which leaves us to solve the quantum contribution. We expand the 
quantum field x in terms of eigenfunctions ipmi,m2 of the Laplacian, de- 
fined by the equations of motion for the field X. The quantum contri- 
bution of the action is written in terms of the Fourier components and 
the eigenvalues Xmi,m2 of the eigenfunctions ipmi,m2 of the Laplacian. 
Putting everything together we get 



/ 



n Xmfmo vdet'D 



where the product runs over the eigenvalues of all but the zero modes. 
Using C-regularisation we find that the determinant is fc40J 



det'D = 47rV2r/2 (r)f/2(r), (3.2.8) 
with the Dedekind eta function defined as 

r; = JJ (1 - g'") , q = e^-^^\ (3.2.9) 
m>0 
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and we find that the partition function for the bosonic string on a one 
dimensional compactified target space is 



We have written the partition function in the winding mode representa- 
tion. Performing a Poisson resummation on m we write this in the mo- 
mentum mode representation. We obtain, using the formula for Poisson 
resummationi 541 



E^-TTmimjAij+TvBimi _ ^ g-7r(mfc+iBfc/2){A-i)fe((m;+jBi/2) 



rriidZ \/det A j^^g^ 



(3.2.11) 



the partition function 



Zm - = E (3.2.12) 



where 

The modulus of the compactified dimension R has not been fixed. The 
quantum contribution of the partition function is encoded in the rj func- 
tions while the classical contribution is described by the left and right 
moving momenta. T-duality is now realised by interchanging simulta- 
neously R ^ 1/R and m ^ n. 

We have given the partition function of the bosonic string on one com- 
pactified dimension. We extend this discussion to the higher dimen- 
sional case. 

Let us therefore parameterise the background by its metric Gij and its 
anti-symmetric tensor Bij, where i,j runs over the number of target 
space dimensions. For simplicity we require the entire background to 
be compact. We parameterise the world sheet in terms of its metric gab 
and its anti-symmetric tensor eat- The action for this system is 

S=^ j dV^dit^ g^^GijdaX'dbX^ + e^^BijdaX'd^X^ . (3.2.14) 

We find that the partition function of the bosonic string in this configu- 
ration is 
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Again we can do a Poisson resummation using equation ( 13.2. lit , which 
leads to the momentum representation of the partition function 



^1 Pr 



E (3.2.16) 

where 



Pl,r — PL^RGijPiR-, (3.2.17a) 
Pi = —[m, + {Bjk + Gjk)nk], (3.2.17b) 

P'r = —[mj + {B,k-Gjk)nk], (3.2.17c) 

where the — sign difference in the left and right moving momenta is due 
to the fact that when we expand the product of equation ( 13.2. 151 1 we find 
that the anti-symmetric tensor carries a factor i in front of it while the 
background metric does not. We have therefore realised an expression 
for the partition function of the compactified bosonic string in terms of 
both the winding modes as well as the momentum modes. 



3.2.2 The free fermionic string 



We discuss the partition function of two free Majorana-Weyl fermions 
on the torus. Although we can pursue a similar method as employed 
for the bosonic string, we use a different method here and follow 1 40 1 to 
which we refer for more intricate details. The action of two free left and 
right moving fermions is 

S = — [ (fz ilj'di)' + i}'di)\ (3.2.18) 
Svr J 

where i runs over the number of fermions. Again we are interested in 
the partition function of these free fermions. It can be shown that this 
becomes 

tr e2-n^'e-2-r2^r 

q-iiqii tr q^''q^°, (3.2.19) 
where 

Ln = f ^z"+^T(z), Z„, = f ^z^+^f{z) (3.2.20) 
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are the Laurent series expansion of the holomorphic (T(z)) and anti- 
holomorphic {T{z)) components of the energy-momentum tensor of the 
system. We are left with solving the trace over the operators Lq and Lo- 
in order to evaluate the trace we need to define the spin structure on 
the torus or equivalently define the boundary conditions of the fermions 
when transported around the non-contractible loops of the torus. When 
we evaluate the vacuum energy of the different configurations, we find 
that equation ( I3.2.19I I represents the sector where the fermions are anti- 
periodic. It can be shown that the boundary conditions are changed 
when we do a modular transformation as defined in equations ( I3.1.3I I. 
We therefore need to consider the other sectors as well. 

The c = ^ representations of the Virasoro algebra, which is the algebra 
realised by the Laurent modes of the energy momentum tensor written 
in equation ( I3.2.20I I. for anti-periodic fermions can be identified with the 
direct sum of the highest weight states with h = and h = ^, where h 
is the conformal weight of the states. The vacuum state is the highest 
weight state with h = 0. Since we are only interested in counting the 
representations of the Virasoro algebra once, we need to project out half 
of the states. A similar argument holds for the periodic fermions. 

Let us separate the periodic and the anti-periodic sector in equation 
( I3.2.19I I. We include the vacuum state in the partition function which 
leads to the expansion 

+ {qqY^^ trpp ^ (l ± (-1)^) q^^q^\ (3.2.21) 

In this expression we see that there still remains the choice of the sec- 
ond trace in the periodic sector. We choose the sign to be positive from 
here on. We discuss the significance of the sign in section 14.11 We are 
thus left with the task to evaluate the traces. It can be shown that 

q-ii trA = q'^ Jl + g""*"^^^) = — , (3.2.22a) 

n=0 

oo 2 9 

q-^ tr^ {-ifq^o ^ H U - 9"+^^^) = — , (3.2.22b) 



n=0 

oo 



2q-^ trp q^° = 2qT2 JJ (1 + g")^ = (3.2.22c) 

n=0 

oo 

2q-^ trp (-lfq^° = 2qT2 TT (1 - g")^ = ^, (3.2.22d) 

n=0 ' 



V 
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where -di are the well known Jacobi theta functions fTTll 



(3.2.23) 



and we define the Jacobi theta functions as 



m = ^u i9[o] = ^2, m=^3. i9K]=^?4. (3.2.24) 



These formulae should be complex conjugated for the right moving sec- 
tor When we evaluate ^ we find that this vanishes, but we neverthe- 
less keep its formal description as it will be important for later use. One 
more difficulty arises now in the evaluation of the path integral in the 
periodic sector. 

The Fourier expansion of the periodic fermion is 



and it can be shown that the commutation relation for the Fourier com- 
ponents of the fermion is 



Acting on the vacuum with the zero mode tpo, we find that this does not 
change the eigenvalue of Lq leading to a degenerate vacuum consisting 
of two states. We come back to this issue in section 15.1.21 

The partition function of two holomorphic fermionic fields and two anti- 
holomorphic fermionic fields on the torus is II40I 



using the shorthand notation defined in equation ( 13. 2. 241 1. 



3.3 Bosonization and Fermionization 

In section I2I2I we have shown that bosons can be interchanged with two 
fermions in a conformal field theory. In this section we show that this 
equivalence is also realised in the orbifold description of the string. 




(3.2.25) 



{lpn,tpm} = Srn+nfl- 



(3.2.26) 




(3.2.27) 
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In equation ( I3.2.27tt we found for the partition function of two holomor- 
phic fermionic fields and two anti-holomorphic fermionic fields on the 
torus is Ii40il 



Z 



E 

a,fe=0,l 



(3.3.1) 



Applying a Poisson resummation on the partition function we obtain 



r] 



1 1 

vv 



2^ 



\n ■ 



b -\- T(m — a)\ + iTTmn 



(3.3.2) 



We can then relabel n ^ n + b and m ^ m + a since a, 6 G Z. When we 
consider now the whole partition function we find 

2 



1 

2 
1 

rjf] 



a,b=0,l 

E 



V 



E 



a,fe=0,l ^ m,7iGZ 



exp 



|n + rm| + i7r(m + a)(n + 6) 

2r2 



(3.3.3) 



The summation over b gives a factor of 2 and requires m + a G 2Z. We 
therefore find that the partition function of one holomorphic fermionic 
field and one anti-holomorphic fermionic field on the torus is 

J_\ 1 



Z 



/2^2| 



2t2 



(3.3.4) 



We see that this is identical to equation ( 13.2. lOtt with the radius fixed at 
the maximal symmetry point R = 1/ a/2. Note that this value is not the 
self dual point under T-duality. 



We show the boson fermion equivalence in the case where the boson is 
compactified on a complex torus and follow l46ll . The complex torus can 
be parameterised by two complex moduli in the same way the circle is 
parameterised by its radius. The moduli (T = Ti + iT2, U = Ui + iU2) of 
the complex torus are written in terms of the metric Gij and the anti- 
symmetric tensor Bij 

T2 / 1 Ul\ R _ ^ 

^''-U2[U^ |t/|V' ""''-[-Ti 

The r2 2 lattice from equation ( I3.2.16t can now be written as 



(3.3.5) 



r2,2(T,[/)= Yl 



exp 



VrT2 
TW2 



\miU — m2 + T{ni + Un2 



+ 27rir(mini + 7712^2) 



(3.3.6) 
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Fixing the moduli at the the maximal symmetry point (T, U) = (i, i) 
leads to 



r2,2(i,i)= X] 



exp 



m, n aWp 



TTT2 \mii — 1712 + iini + 



+ 27riT(mini + m2n2) 



. (3.3.7) 



We find that Bij vanishes at this point in the moduli space and the 
metric Gij takes the form 



1 
1 



(3.3.8) 



from which it is clear that, since equation ( 13. 3. 41 1 holds for the partition 
function of one holomorphic and one anti-holomorphic fermion field, we 
find that 



|r/|4 



E 

a,b=OA 



1] 



(3.3.9) 



At the left hand side we have described a bosonic string compactified 
on a torus of which we have fixed the moduli at the maximal symme- 
try point (T, U) = {i, i) in the moduli space. On the right hand side we 
have described a fermionic string of which the fermionic fields can prop- 
agate freely on the string. This equivalence therefore shows that at the 
maximal symmetry point on the torus we can exchange bosons with free 
fermions. 



3.4 Orbifolds and Shifts 



In this section we introduce the techniques for constructing orbifolds 
and shifts in a geometrical formulation. We start by defining the orb- 
ifold from a general manifold. We discuss the simplest example and ex- 
tend this discussion to the bosonic string. We derive the bosonic string 
compactified to this simplest orbifold. We move on to the higher dimen- 
sional case, namely the target space of a critical string with four ex- 
tended dimensions. We then introduce shifts on the target manifold. We 
start with the description of shifts in the one dimensional background 
after which we discuss shifts on the two dimensional torus representing 
part of the full target space of the critical string. 
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3.4.1 The orbifold construction 

Consider a manifold M with a discrete group action G : M M. The 
action of the discrete group on points on the manifold is g G G : x ^ gx. 
An orbifold is now defined as the quotient space M/G. In general an 
orbifold is not a manifold. An orbifold remains a manifold however when 
the group acts freely, i.e. when there are no fixed points under the group 
action. One easy example of an orbifold is jTL^- The group elements 
of 7L2 act on the points of 5^ as 5 e G = : x ^ t^x = —x. This group 
action has two fixed points and the quotient space therefore defines an 
orbifold. It is easy to see that this quotient space can be represented by 
a line segment. 

Let us now proceed to a group action on the torus. Without the in- 
troduction of the discrete group we have the following picture. Going 
around a non-contractible loop around the torus requires the field X not 
to change. We now define the discreet group G : T ^ T, where T rep- 
resents the target space. In this context it is therefore possible that the 
field X, when it goes around a non-contractible loop, does not go back to 
its original value but goes to gX, which is in the quotient space identical 
to X. Since modular invariance interchanges the two non-contractible 
loops we see that any modular invariant partition function with an orb- 
ifold as target space has four sectors. For each non-contractible loop we 
have two sectors: on one sector we act on the fields with the group action 
and on the other we do not act on the fields. 

We consider the simplest example of an orbifold, namely /'E2. The 
action for the free boson on the torus compactified on is described 
in equation ( 13.2. 11 1. We see that this action is invariant under X 
—X which defines an orbifold jlL^ as target space. Similar to the 
derivation of the free fermionic partition function the partition function 
for the free boson is written as 

ZoM = (qq)-^^ tr^+) ^il + g)q'"'q^' 

+ {qqy^ tr(_) ^{1 + g)q^°q^° , (3.4.1) 

where tr(j_) describes the untwisted and the twisted sector respectively. 
The untwisted sector is defined as the sector where the field X ^ X 
around the non-contractible loop in the space direction on the torus. 
The twisted sector is the sector where X gX = —X around the non- 
contractible loop in the space direction on the torus. We now evaluate 
the twisted and untwisted sector separately. 
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Note that the untwisted-untwisted sector is identical to the bosonic par- 
tition function as derived in section 13.2.11 We are therefore left with the 
untwisted-twisted sector. Since the group action g brings X ^ —X we 
find 



{qq) 24 tr(+) - gq 



1 



(qq) 



' 24 



- 2\[^^^{l + qn){l + q- 
Similarly we find for the twisted sector 



^2 



(3.4.2) 



1 



(qq)-^^ tr(_) ^{1 + g)q^'^qLo 



(qq)' 



j_ 

' 24 



+ 



" 24 



leading to 



Zorb{R) — 2'^circ(^) + 



V 




V 


^2 


+ 





+ 



r]_ 

^3 



^3 



(3.4.3) 



(3.4.4) 



We see that the twisted sector does not depend on the modulus of the 
circle S^, while the untwisted sector does. By analysing only the twisted 
sector we can set the radius to any value we like. Choosing the maximal 
symmetry point therefore does not change the structure of the twisted 
sector. We therefore move from any point in the moduli space to the 
maximal symmetry point. 



We can write equation ( 13. 4.41 1 as 

Zorb{R) = 9 — r72 



2 ^ iryl 
h,g=0,l ' " 



(3.4.5) 



where ri,i[[]] = ri,i(ii) and 



ri,i[ 



ih,g) / (0,0). 



(3.4.6) 



We fix the radius at the maximal symmetry point. If we use the identity 

?92i?3i?4 = 2r/^ we find 



Znrh I — 1= 

v/2 



E 

a,b=0,l 



V 



1^1 



1^1 



. (3.4.7) 



We see that at the maximal symmetry point the orbifold description 
from equation ( I3.4.4tt is exactly equivalent to the fermionic description 
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written down in equation I l3.2.27t . By moving from any point in the 
moduli space to the maximal symmetry point we have not changed the 
structure of the twisted sector. It is fairly straight forward to rewrite 
this as 




(3.4.8) 



We consider the torus moded out by a symmetry. Along similar lines 
we find that this results in 

ZUT,U) = \ E ^^411^. (3.4.9) 

h,g=Q,l ' " 

with the twist parameterised by h, g. The partition function at an arbi- 
trary point in the moduli space is similarly written as 1.46.1 



and T2,2?q]{T,U) = T2,2{T,U) as written in equation d3X6t . We have 
thus given the partition function for the bosonic string compactified on 
an orbifold T^/Z2 for all moduli (T, U). We stress the point here that the 
structure of the twisted sector at any point in the moduli space has not 
changed by fixing the moduli at the maximal symmetry point similar 
to the one dimensional compactification. The chiral structure of the 
X Z2 orbifolds necessarily comes from the twisted sector as we show in 
chapter[7l By considering the chiral structure at the maximal symmetry 
point we have therefore considered the chiral structure of all models 
connected to it by a change of the moduli of the internal space. 



3.4.2 The shifts 



In the previous section we have constructed the string propagating on 
a torus. This has lead to winding and momentum modes. The wind- 
ing modes represent whole loops around the compactified dimension. 
We can however also consider transporting the string halfway around 
the compactified dimension. This transportation is known as a shift, 
or more specific a shift as two subsequent shifts are identical to the 
identity. 

From equation ( 12. 2.61 1 we see that a shift around half the compactified 
dimension is realised by 

X{z) ^ X{z) +7^ ^ ij{z) ^ -ijj{z) (3.4.11) 
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and similarly for the right moving sector. Again in the case of the torus 
we have two non-contractible loops, which are interchanged by modular 
invariance. To construct a modular invariant partition function that 
incorporates shifts, we therefore have to consider the action of the shift 
on all possible directions on the string world sheet leading to four terms, 
each describing the shift along either of the two non-contractible loops. 
We consider only symmetric shifts, i.e. the shift is introduced on both 
the left and right moving sector simultaneously. 



We first consider the bosonic string compactified to one dimension. The 
partition function for this system is described in ( 13.2. lOI I. Adding the 
shift along the non-contractible loops is then realised as 



Z{R) = \ ^[?K^), 



p,g=0,l 



where 



R 



E 



exp 



TTif 
T2 



[m + -)- (n+ -)r 



(3.4.12) 



(3.4.13) 



The factor | is necessary to avoid a relabelling of the indices. In that 
sense it is clear that this factor realises the Z2 shift. Performing a Pois- 
son resummation we can set the partition function in the momentum 
representation. We obtain 



qm 



m,n(i'E 



rif] 



(3.4.14) 



where 



Pl 



1 



V2 Vi? 



(- + {n+hR 



Pr 



(n+|)i? 



(3.4.15) 



1 /m 

Fixing the radius at the maximal symmetry point and performing a 
Poisson resummation leads to the partition function 



9 E 9 E 



2^2 

p, 9=0,1 a, I 



=0,1 



■a+pj 



(3.4.16) 



We extend this discussion to the torus. In the case of the torus we find 
two independent shifts since there are two non-contractible loops. We 
find that the full partition function is written as 



2(r.^) = i E E 

pi,gi=0,l P2, 92=0,1 



2,2 



Pl 



P2 

q2 



{T,U) 



(3.4.17) 
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Applying these shifts, we can find the partition function for the bosonic 
string compactified on a torus, using equation ( I3.3.6t . at an arbitrary 
point in the moduh space fairly easy. Using the momentum represen- 
tation as displayed in equation ( 13.2. 16t and equation ( I3.3.6t . we follow 
along the same lines as equation ( I3.4.14I I and find 



2,2 



Pi P2 

exp 



l+(j2m2 



miU -m2+T[{nl + ^) + U{n2 + ^)] 
+ 2mf |mi(ni + y) + "i2(n2 + y)} 



7rT2 



T2U2 



(3.4.18) 



Again we fix the moduli at the maximal symmetry point (T, U) = (i, i) 
and we obtain 



2,2 



Vl P2 

qi 92 



P2] 
+92 J 



a,6=0.1 



(3.4.19) 



We see that at the maximal symmetry point the bosonic partition func- 
tion is exactly identical to the fermionic partition function. If the fer- 
mionic partition function is therefore known, we can easily move away 
from the maximal symmetry point to any point in the moduli space us- 
ing the identity presented in equation ( I3.4.19tt . In the following chapters 
we construct from the free fermionic description the partition function 
at the maximal symmetry point. Using equation ( I3.4.19tt we then move 
to any point in the moduli space. As the chiral structure does not depend 
on the moduli we select the maximal symmetry point to analyse the chi- 
ral structure. This structure is completely determined by the twisted 
sector and is therefore equivalent for all partition functions related to 
each other by a change of the moduli of the internal space. 



31 



Chapter 4 

The Fermionic String 



In this chapter we set up the free fermionic construction of the heterotic 
string. The partition function at an arbitrary point in the moduH space 
is derived. The description of the heterotic string at the self dual point 
under T-duality follows. We write the partition function at the self-dual 
point in the most general way which enables us to derive constraints on 
the form of the partition function. We continue to derive all the neces- 
sary and sufficient constraints for the construction of the free fermionic 
model of the heterotic string. Having derived the tools for the construc- 
tion we end this chapter by summarising them. 



4.1 The Heterotic String on a Compact Space 



In this section we derive the partition function of the heterotic string 
at the self dual point under T-duality. We follow Il54l l40ll initially af- 
ter which 13 1 proves helpful. We derive firstly the partition function at 
an arbitrary point in the moduli space after which we descend to the 
self-dual point. We write the partition function at the self-dual point in 
a general manner which enables us to derive constraints on the form 
of the partition function induced by modular invariance. We then con- 
struct the free fermionic models of the heterotic string. 

We construct the partition function for the heterotic string in a D = 4 
super symmetric extended target space and a D = 6 compactified in- 
ternal space. We recall that a free compactified boson is from equation 
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^^^) = 77^ E ^ ' ' • (4.1.1) 



When we take the hmit R ^ oo we find that since the exponent is com- 
pletely suppressed apart from the m = n = 0, the partition function is 

lim Z(R) = lim ^ (4.1.2) 

Since it was expected that the partition function would diverge with 
the volume of the space, we remove this divergence to get the correct 
partition function for one boson in an extended space 

Zb = -7^- (4.1.3) 



We can now construct the extended sector of the heterotic string. We 
write the full partition function as 

^ — ^ext ^compact: (4.1.4) 

where we focus on Z^xt- The extended sector consists only of extended 
bosons, since the super partners of the bosons are free fermions of the 
world sheet. We write the extended partition function in the light cone 
gauge fixing two bosonic coordinates 



-'ext 



1 



T2|r/|2 



(4.1.5) 



We are left with describing the compactified partition function. In the 
case of a super symmetric target space the eight left moving free super 
partners of the bosonic coordinates are separated^ from the remaining 
degrees of freedom. The six left and right moving bosons are compact- 
ified as are the additional 16 degrees of freedom on the right moving 
side. This leads to the compact partition function 



^compact 2 



IE 



a,fe=0,l 



^[g]' r6,6+16 
iy4 |y6iy6+16 ' 



(4.1.6) 



If we would take c[^] = 1, Va, h G {0, 1} we do not find space-time super 
symmetry. The reason for this is that the bosonic and fermionic part 
of the partition function do not cancel. We can realise cancellation by 
using the Jacobi identity(2) 

^i-^\-^i±^\ = Q. (4.1.7) 



^The word separated will become clear later on. 
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The partition function of the compactified heterotic string is reahsed as 

z = w^, E i-^r^'^'"'^-^^. (4.1.8) 

where ^ determines the sign of i?i in the partition function. The physical 
relevance of ^ in this context may not be clear immediately. In deriving 
the partition function for the free fermions in equation ( 13.2.211 ). we made 
a choice by projecting out half of the anti-periodic fermionic states. This 
choice formally should also be done with the periodic fermions. Since the 
periodic fermions realise the spacetime fermions, this projects out either 
the up of the down states and therefore effectively sets the chirality of 
the super symmetry. The value of n thus sets the chirality of the space 
time fermions. 



The general r6,6+i6 lattice depends on 6 x 22 moduli: the metric Gij and 
the antisymmetric tensor Bij of the six dimensional internal space, as 
well as the Wilson lines y/ that appear in the 2d- world-sheet action 



S 



1 

47r 



d'<j^g''''Gi,daX'dbX' + 



Ait 



+- 



1 



An 



V + Y/VX' 



(4.1.9) 



Here i runs over the internal coordinates and / runs over the extra 16 
right-moving degrees of freedom described by . We can evaluate the 
partition function for this action along the same lines as done in section 
13.2.11 We find that the partition function at an arbitrary point in the 
moduli space is 

(det Gf 



6,6+16 



E 



exp 



En 



m,n 
16 

exp 



T- ■ 

T2 



7,5 7=1 



iim'{m^ + n^f)Y/Y/ 



{Y/{m' + n'f)\T), 



(4.1.10) 



where T, , 



Equation M.l.lOl l is the winding mode representation of the partition 
function. Using a Poisson resummation we can put it in the momentum 
representation form 



p,p,i 



(4.1.11) 
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with 

Pi = mi + Bijn^ + ^Y/Y/n^ + Y/Q^ + G^jn^, (4.1.12a) 

Pi = TJii + BijU^ + W/Y/n^ +Y/Q^ -G^jn^, (4.1.12b) 
= Q^ + Y/n\ (4.1.12c) 

The charge momenta are induced by the right-moving fermions ip^ 
which appear exphcitly in the i?-functions from equation ( I3.2.23I I where 
the charge momentum = {n — 



4.1.1 The fermionic partition function 



In the fermionic construction we fix the moduh at the self-dual point as 
is shown in section l3^ The general first order partition function for an 
heterotic string compactified to four dimensions where the compact di- 
mensions are at the self-dual point under T-duality is therefore written 
as ||5J 



z = J ^-^ zlY. 

2 spinstr. 

where we have as in equations ( I3.2.22t 



drdr 



64 



Pf. 



(4.1.13) 



Zf 
Zf 




Zf 
Zf 




(4.1.14a) 
(4.1.14b) 



These formulae should be complex conjugated for the right-movers. 

The supercurrent is realised on the world sheet non-linearlyl|4| 

TF = ^l^''dX^ + ix'y'uj', /G{1,...,6}, (4.1.15) 

where the {x^ , , lo^} are 18 real free fermions transforming as the ad- 
joint representation of SU{2)^. When we transport a right-moving free 
fermion around a non-contractible loop it generally transforms as 



Ria)\ 



(4.1.16) 



where R{aY^^ should be orthogonal and should leave the energy-momen- 
tum current unchanged. For a left-moving fermion it is somewhat more 
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complicated as we need to consider the super current ( 14. 1.151 1 as well. 
We can realise the following transformation 

^/^ ^ (4.1.17) 

r ^ L{a)\ct>\ (4.1.18) 

where cj)^ / Since the fermions are transported along a non-con- 
tractible loop a G ■ni{M), we see that R{a) and L{a) are matrix rep- 
resentations of a. When the fundamental group ■ki{M) is Abelian we 
can diagonalise R{a) and L{a) simultaneously in some basis consisting 
in total of 64 fermions. We can therefore realise any configuration of 
boundary conditions by a set of k real fermions and / complex fermions, 
where A: + 2/ = 64 

a = {a(/[), . . . , aUl); a{f^), a(/f )} . (4.1.19) 



In this thesis we will use a slightly different notation. We will label 
the fermionized left-moving internal coordinates using equations ( I2.2.4t 
and (HXH) as 



V2 



(4.1.20) 



and similarly for the right moving side. The super partners of the left- 
moving bosons are labelled as ■ The super partners of the light-cone 
gauge fixed bosons are labelled as V'l 2- The extra 16 degrees of freedom 
are labelled as • - ^ ^^1:2,3 ^i,...,8 ^j^^j complex fermions. We also 

write the boundary condition vector in such a way that only the periodic 
fermions are listed in the vector. The other fermions are considered 
anti-periodic. 



The fermions transform under parallel transport as 



/ 



(4.1.21) 



where the minus sign is introduced by convention. 



We focus on the modular properties of the partition function of equation 
( 14. 1.131 1. The partition function should be invariant under the modular 
transformations defined in equations ( I3.1.3tt . Acting with these trans- 
formations on the partition function and requiring invariance leads to 
two constraints on the spin-structure constants c[^] 



a 

P -a + 1 



(4.1.22a) 
(4.1.22b) 
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where we have introduced the vector 1 where all fermions are periodic. 
These constraints are completely due to the transformation properties 
of the i?-functions in equation ( I4.1.13tt . Another constraint arises when 
we incorporate higher order loops, notably the two-loop contribution. 
This leads to a third constraint. 





a 


c 


' a' ' 




J3 + a' 




15' + a 



(4.1.23) 



We have defined the inner product of two vectors as a Lorentzian inner 
product 



where R and C stand for real and complex respectively. R and L stand 
for right and left moving fermions respectively. We have defined the 
space-time spin statistics index 5a as 



4.2 The Free Fermionic Formulation 

In this section we derive the sufficient and necessary constraints for 
constructing a free fermionic model. We follow |3| closely in our ap- 
proach. We describe the Hilbert space in terms of basis vectors with the 
boundary conditions of the free fermions on the world sheet. Contin- 
uing with the derivation of the constraints on these basis vectors, we 
move on to show the relation of the space of boundary conditions and 
the Hilbert space. We end this section by deriving the charge of a state 
under a C/(l) gauge group together with the frequencies of the states in 
the spectrum. 



4.2.1 Model building constraints 

We construct from the constraints ( I4.1.22t - ( 14.1.231 1 the necessary con- 
straints on the vectors a and on the spin statistics coefficients c[^]. 
Combining equations ( I4.1.22bl l and J4.1.23l t implies by setting a' = a 




(4.1.24) 




(4.1.25) 
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and (3 = 
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a 




"0" 


c 





= SaC 





c 










(4.2.1) 



which means we can solve c[q] = 6a, where we have normahsed cp =1 
and have discarded the option where c[q] = 0. We define a set of vectors 







a 






c 












(4.2.2) 



It can be shown that this set is an AbeHan additive group if we define 
the group action to be the standard addition of the boundary conditions 
for every fermion separately. If we take E to be finite, which means that 
all boundary conditions in the vector a are rational, we see that E is 
isomorphic to 



(4.2.3) 



i=l 



which means that E is generated by a set {bi,. . . ,bk} called a set of basis 
vectors, such that 



mod Ni yi, 



(4.2.4) 



i=l 



where Ni is the smallest positive integer where Nibi = or the order of 
Zat. . It can be shown that the vector 1 can be realised by the first basis 
vector bi . In this thesis we will take bi = 1 for convenience. We rewrite 
equation ( 14. 1.231 1 for the case where a, /3, 7 G E 



(4.2.5) 



a 




a 




a 


+ 






c 








.7. 



The basis vectors bi are necessarily constrained by modular invariance. 
Using equation ( I4.1.22al l we find that in the case of the heterotic string 
in four dimensions by setting /S = a 



(4.2.6) 



Using equation ( 14. 2.51 1 we find that since (3 generates a finite group of 
order A'^g we can write 



(4.2.7) 
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where we have used equation ( I4.1.22bl l for the second equaUty. Using 
equation ( I4.1.22bl l and raising it to the power Nij, which is the least 
common multiple of Ni and Nj we find using equation ( I4.2.5I I 



exp 



TT 



Since the right hand side is always 1 we find that 

Nij hi - bj = mod 4. 



(4.2.8) 



(4.2.9) 



If we set i = j the constraint ( I4.2.9tt holds for Ni is odd. In the case 
where Ni is even we find an even stronger constraint using equation 
(I4.1.22al l 



N,bt 



mod 



when A^, even. 



(4.2.10) 



4.2.2 The spectrum 



We show how to construct the spectrum of a model defined by its basis 
vectors 6,. 



We can write equation ( 14.1.131 1 using Il67ll 



Zf 



Tr„ [g^exp(^i/3-F«)] 



(4.2.11) 



as 



Z 



drdr 



E c\^l}^'^r,^^[q''-eM-^ip-Fa)]. (4.2.12) 



spinstr. 



where Ha is the Hamiltonian in the Hilbert space sector J^a defined by 
the vector a = Yli'^i^i- The inner product /3 • is similar to equation 
(14. 1.241 1 



[ i?,L C,L R,R C,R) 



(4.2.13) 



where the fermion number operator F is 
^1, 



F{f) 



1, if fermion is complex conjugate. 



(4.2.14) 
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We write the partition function as a sum over sectors. We note that 
since bi are generators of a discrete group Z and since equation ( I4.2.5t 
holds, the sum in the partition function is finite and we find 



drdr 



5nC 



Jnbi-Fa I 



+ 1 e 



'. (4.2.15) 



We see that only states are counted that realise a generalised GSO pro- 
jection 



Jirbi-Fa 



(4.2.16) 



which leads to the full Hilbert space of states 



^=en 



aSH i=l 



Jirbi-Fa 



5n,C 



(4.2.17) 



The mass formula of any state in the subspace or sector ^ of the 
Hilbert space is given by the zero-moment Virasoro gauge conditions 



Mi = -CL + — - — + freq. 

o 

Mr = -CR + + freq. 



(4.2.18a) 
(4.2.18b) 



where ai^R are the boundary conditions defined by the vector a = ^nibi 
for the left and right moving fermions respectively. In the case of the 
heterotic string, we set in this thesis cl = | and = 1- Naturally mass 
level matching is realised M| = M|, in the spectrum. 



4.2.3 U(l) charges 



In this section we derive the U{1) charges Q{f), for the unbroken Cartan 
generators of the four dimensional gauge group that are in one to one 
correspondence with the U(l) currents /*/ for each complex fermion /. 
We follow 1 51 1 in our approach. 

We consider a single complex free left moving fermion with boundary 
condition. 

X{ai + 27r, t) = e-^'^'^Xiaut), (4.2.19) 
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where u is known as the frequency of the fermion and t = —ia2. A(cri, t) 
has the normal mode expansion 

oo 

\{ai,t) = {6„+^_ie-'("+'^-i)("^+*) + 4-^e*("-^)("^+*)} . (4.2.20) 

n=l 

We find that the Hamiltonian for this system is given by 



oo 

J^u = 'Y^in + u- l)bl^^__^bn+u-i + in- v)d\_^dn-u + 

n=l 



1 



+ (4.2.21) 

The last term in the Hamiltonian is the vacuum energy arising from 
the normal ordering of the operators. When we fill the negative energy 
states we find the vacuum charge of the system or the U{1) charge in- 
duced by the left moving complex fermion A. Using Riemann (^-function 
regularisation we find 

00 

n=— 00 n=0 

= -Bi{l-iy) = u-^, (4.2.22) 

where Bi is the first Bernoulli polynomial. We are now ready to compute 
the frequency of fermions depending on their boundary conditions as 
defined by equation I I4.1.2H . We have 

/ _e*™(-^) f* _g-*™(/) f*_ (4.2.23) 

It is then easy to see that the frequency for the fermions is given by 

.,^l±|m, .,^1^. (4.2.24, 

However we are able to write the frequency more concisely due to the 
periodicity of the phases. Using the fermion number operator F we 
write the fermion frequency as 

u=^-±^ + F. (4.2.25) 

Using this equality we find that the U{1) charge Qy{f), for the unbro- 
ken Cartan generators of the four dimensional gauge group that are in 
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one to one correspondence with the U(l) currents /*/ for each complex 
fermion / is 

= la(f) + F. (4.2.26) 

We have described all the necessary formulae for constructing a free 
fermionic heterotic string model and for calculating its spectrum and 
the charges of the unbroken Cartan generators generating a U{1) gauge 
group. 



4.3 The Rules Of Construction 



In this section we recall the rules derived in the previous sections for 
the construction of an heterotic string model that is invariant under 
modular transformations. We separate the overview into two parts. The 
first part recalls the necessary conditions for the creation of the Hilbert 
space by means of the basis vectors as well as the constraints that apply 
to the GSO coefficients or spin structure constants. The second part 
describes the necessary tools for calculating the spectrum. 



4.3.1 The foundation 



In the construction of any free fermionic model, two ingredients are re- 
quired. The first is a set of basis vectors that define E, the space of all 
states. We then need to isolate all the physical states. This is done by 
means of the GSO projections defined in equation ( 14.2. 16tt . This requires 
the configuration of the GSO coefficients c[^] . These coefficients are con- 
strained by modular invariance of the partition function. We recall the 
constraints for these two ingredients. 



The basis vectors 



The basis vectors 5,; consist of a set of numbers that realise the bound- 
ary conditions of each left or right moving fermion similar to equation 
J4. 1.191 1 

bi = {aCV'f 2), . . . , a{u;') \ a{y'), a{^')}, (4.3.1) 
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where 

/ ^ _e^™(/)/. (4.3.2) 

To obtain a modular invariant model, the basis vectors are required to 
obey the following constraints 

From equation ( I4.2.4t we require 

k 

^^mj6j = <;=^ mj = mod iVj Vi, (4.3.3a) 

i=l 

where Ni is the smallest positive integer where Nibi = 0. 
From equation ( I4.2.9t we require 

Nij b^ ■bj = mod 4, (4.3.3b) 

where Nij is the least common multiplier of Ni and Nj . From 
equation ( 14.2.101 1 we require 

N,b,-bi = mod 8, (4.3.3c) 

when Ni even. In this thesis we take the first basis vector bi 
for reasons explained in section l4.2.1l to be 

bi = 1, (4.3.3d) 

which means that all fermions have periodic boundary con- 
ditions. 

For these constraints we have used the following definition for the inner 
product. We have defined the inner product as in equation ( 14. 1.241 1 



"•^=UE + E-^E-E[ "(/)/?(/)' (4.3.4) 
[ r,l c,l r,r c,r j 



where R and C stand for real and complex respectively. R and L stand 
for right and left moving fermions respectively. 



The coefficients 



We have defined the total space of states E. In this space there is only 
a limited number of physical states that realise a generalised GSO con- 
straint. From equation ( 14.2. 161 1 we find 



\S >a, (4.3.5) 
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where \S is a state in the sector a c E where a = ^nihi is a su- 
perposition of the basis vectors 6,;. The fermion number operator F is 
defined as in equation ( 14.2. 14tt 



F{f) 



1 



(4.3.6) 



— 1, if fermion is complex conjugate, 
and the space-time spin statistics index is defined as in equation ( 14.1. 25D 

fl < 



-1 



"(V'lo) = 1- 



(4.3.7) 



To fully define the GSO projection we need to set the GSO coefficients 
c[^] . These coefficients are required to obey a set of constraints 



From equation ( I4.2.7tt we have 



From equation ( I4.1.22bl l we require 



c 


a 




"/?" 




P. 




a 



From equation ( I4.2.6t we require 



a 




a 








a 




1 



From equation ( I4.2.5t we require 



a 




a 




a 


./? + 7. 


= 5aC 


P. 


c 


7. 



(4.3.8a) 



(4.3.8b) 



(4.3.8c) 



(4.3.8d) 



4.3.2 The spectrum 



Having defined all the basis vectors together with their GSO coefficients 
we are ready to construct the spectrum explicitly. Here we list the nec- 
essary formulae for analysing the complete spectrum. 
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From equation I l4.2.18t we find that the mass of any state 
in the Hilbert space is for the heterotic string with a super 
symmetric left moving sector 

Ml = -\ + ^I^ + Nl, (4.3.9aa) 

2 o 

Ml = + + (4.3.9ab) 

o 

where M| = M|,. The value of the oscillators are calculated 
using the frequencies of the states Nl,r = Yl, ^l,r- From 
equation ( I4.2.24I I we find for the frequencies 

., = 1±|(Z), .,.=1^. (4.3.9b) 

When a [/(I) gauge group is realised by a free fermion we find 
that the charge under this C/(l) is given by equation ( I4.2.26I I 

Qu{f) = \a{f) + F. (4.3.9c) 

where as usual F is the fermion number operator and a is 
the boundary condition for the fermion generating the U{1) 
gauge group. 



We have discussed all the necessary tools for the construction of any 
heterotic free fermionic model. 
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Realistic Models 



In this chapter we discuss the construction of reahstic models. We start 
with the simplest possible model that does not exhibit a super sym- 
metric target space. We show that adding one additional basis vector 
introduces super symmetry on the background. The starting set of ba- 
sis vectors for any realistic model is then discussed in detail. We isolate 
the spinorial representations of a SO{10) gauge group. This leads us to 
two different advanced semi-realistic models. We derive the spectrum 
of a model where the gauge group is enhanced and of a model where the 
gauge group is not enhanced. This chapter is based in part on (TSj. 



5.1 The N = 4: Models 

In this section we derive the spectrum of the most simple models. We 
start with the description of a non super symmetric free fermionic model 
after which we introduce a super symmetry generator basis vector. We 
show that adding this vector gives rise to a super symmetric spectrum. 
The gauge group of the two examples is discussed. We show the mecha- 
nism for the breaking of the gauge group by adding more basis vectors. 



5.1.1 The non super symmetric background 

We describe the simplest possible free fermionic model. We show the 
massless particle content and the gauge group of the model. 
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From equation ( I4.3.3t we see that the simplest possible model is con- 
structed using only the vector 1 as mentioned in section 14.2.11 



„6|yl, 



, UJ 



1,2,3 



(5.1.1) 



In this vector we have used the following notation. We have written the 
boundary condition vector in such a way that only the periodic fermions 
are listed in the vector. We have labeled the fermionized left-moving 
internal coordinates using equations ( 12. 2.41 1 and ( I2.2.6tt as 



1 

V2 



y 



(5.1.2) 



and similarly for the right moving side. The super partners of the left- 
moving bosons are labeled as ■ The super partners of the light-cone 
gauge fixed bosons are labeled as V'l 2- The extra 16 degrees of free- 
dom are labeled as ,5 ,^1,2,3^ ^i,- -,8 ^j^^j ^^.g complex fermions. The 
other fermions are considered anti-periodic. It is easy to check that this 
vector obeys all rules described in equations ( 14. 3. 3D . 



The space of states E as defined in equation ( I4.2.2tt contains two sectors. 
We describe the two sectors as the 1 sector and the or NS sector. To 
fully specify the model under consideration we need to define the spin 
statistics or GSO coefficients. We use the latter formulation from now 
on. The GSO coefficients for this model are c[ 
c[J] . Using equations ( 14. 3.81 1 we find that 



NSl 
NSi 



NSl 



'[0]' 1 



NS' 
NS 
NS 

1 
■ 1 ■ 
NS 
1 
1 





'NS' 


= — c 


'NS' 




_ 1 




1 



1 

NS 



Si = -1, 



= -1. 



(5.1.3a) 
(5.1.3b) 
(5.1.3c) 
(5.1.3d) 



We see that the value for c[^g] 



c[g] =1 is consistent with equation 
( 14.2. H as is to be expected. It is also clear that the only sign we need 
to set by hand is the c[J] coefficient. The rest is either fixed by modular 
invariance or fixed by definition ( 14. 2. 21 1. We will therefore list only the 
relevant GSO coefficients from now on. 



The states in the spectrum have a mass described by equation ( 14.2. 18I I. 
We find that the 1 sector does not contain massless states. The only 
sector which produces massless states is the NS sector. To realise mass 
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level matching we need to introduce oscillators. From equation I I4.2.24D 
we find that any complex creation operator acting on the vacuum re- 
alises a frequency of 

, i±i^m _ i, _ ^ 1. ,5.1.4, 

■'2 2 ^22 

The massless states are separated into four subsectors 

Si : Vf,2 dX^lO), S2 : 0" dX^lO), (5.1.5a) 

^3 : <2 '^''^''10), 54 : r <^'<^''|0), (5.1.5b) 

where a runs over all the left moving free fermions apart from V'l 2 ai^d 
b and b' run over all the right moving free fermions. We can also realise 
states with = — ^ < which are described by 

Ti : ,^''10), (5.1.6) 

which are known as tachyonic states. This is a well known result of non 
super symmetric string theories. To find the physical spectrum we need 
to impose the GSO projection described in equation ( 14.2. 16I I. We find 
that all states remain in the spectrum. We have thus found in the Si 
subsector a symmetric tensor, the graviton, an anti-symmetric tensor 
and its trace the dilaton. The states in the S2 subsector generate gauge 
bosons of a SU (2)^ gauge group. Similarly the states in the S3 subsector 
realise the gauge bosons of a 50(44) gauge group. The states in the 54 
subsector are scalars in the adjoint representation of 5[/(2)^ x 50(44). 
This completes the whole analysis of the heterotic string in a non super 
symmetric background. 



5.1.2 The super symmetric background 

In this section we describe a free fermionic model with a = 4 super 
symmetric background in detail. We show the massless particle content 
of the model and its gauge group. 

In equation ( I4.1.6I I we have seen that separating the eight left moving 
free super partners of the bosonic coordinates from the rest of the com- 
pact partition function results in a super symmetric target space. We 
do the same in the fermionic formulation by defining the vector 5 in 
addition to the vector 1, where 

5 = {^i,2^^i,...,6|^ (5.1.7) 
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Again it is easy to check that this vector obeys all the rules listed in 
equation ( I4.3.3tt . With the addition of the vector S we have introduced a 
bigger space of states E. We find the additional sectors S, 1 + S. 

We finalise the specification of the whole model by setting the GSO co- 
efficients 

1 S 



U-_\ Ijl. (6.1.8) 



We could have chosen the coefficients differently but we will argue later 
on in this section that this choice does not have any physical effect. 

Using equation ( 14.2. 181 1 we find that in the sector 1 + 5 there are no 
massless states. We therefore focus on the new states in the S sector. In 
the S sector we find states of a new kind. Since the V'^'^, t^i- .6 fermions 
are periodic they form a degenerate ground state. Consider the mode 
expansion for the free fermion l 40. .671 

i^P{z) = Y,^nZ-''-K (5.1.9) 

where the sum is over Z for periodic fermions and over Z + ^ for anti- 
periodic fermions. We find that the anti-commutator for the fermionic 
modes ipn is given by 

{lpn,'>Pm} = Sn+m,0 (5.1.10) 

We see that the zero mode ipo takes a ground state into another ground 
state due to {i'n,i'o} = for n > 0. We label the two states as |ib), 
where |+) = |0) and |-) = V'olO) leading to F\+) = a nd = -1, 

where F is the fermion number operator as in equation ( 14.2. 141 1. Since 
the periodic fermions contribute to the massless spectrum we find using 
above notation the following massless states 

Ss : |±)i|±)2|±)3|±)4 9^l0), (5.1.11a) 
56 : |±)i|±)2|±)3|±)4 W|0), (5.1.11b) 

where we have complexified the real fermions V'^'^, X^'^; X^'^ and x^'^- 

Using the GSO projection from equation ( 14.2. 161 1 we find that the follow- 
ing states remain in the spectrum 

Si : 9X^0), 52 : 9^10), (5.1.12a) 

S^-.^PI^^ 4>'^''\0), S^-.x" ^'4>''\0), (5.1.12b) 
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where a runs over 1, . . . , 6 and b and b' as in equations ( I5.1.5t . Addition- 
ally the states 



^5 



+ 



+ 



dx''\o), 
<^'/|o>, 



(5.1.13a) 
(5.1.13b) 



remain in the spectrum, where (3) means that 3 of the 4 degenerate 
states are in the down state |-). In the second line we can separate the 
degeneracy induced by the spacetime spinor We separate 



+ 



^ 3 



+ 



+ 



(5.1.14) 



where an additional degeneracy of 4 is apparent next to the spacetime 
up and down spinor state. 

One important feature of these super symmetric models is that the 
tachyonic states found in equation ( I5.1.6tt all drop out. 

If we were to set the GSO coefficients as 



1 

5 



1 S 
-1 1 
1 1 



(5.1.15) 



we find that the states in the NS sector remain the same but the states 
in the S sector become 



^5 
^6 



+ 



+ 



+ 



(5.1.16a) 
(5.1.16b) 



Again we can isolate the spacetime spinor leading again to a degen- 
eracy of 4. The configuration of down states is different from the config- 
uration induced by the GSO coefficients presented in equation ( I5.1.8I I. 
We therefore find that c[g] sets the number of down states |— ) in the S 
sector. This sign choice is directly related to the value of /i from equation 
d4T8H 46, 301 

1 
2 





"1" 









(5.1.17) 



Since the choice of chirality is a convention, we have therefore not found 
a physically different model with the different configuration of the GSO 
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coefficients. A notable result of this model is that, again, the tachyonic 
states from equation ( 15. 1.61 1 are projected out. 

The degeneracy of the space time spinors is identified as the result of 
an = 4 super symmetric background. We therefore identify the states 
in the ^5 subsector as the super partners of the gravitons called grav- 
itinos. Similarly we identify the states in the Sq subsector as the super 
partners of the 50(44) gauge bosons, the 50(44) gauginos. 

The gauge group of this model is again realised by the states in the 
^2 and 53 subsector. Since the states in the S2 subsector do not have 
super partners we identify the induced gauge group not as a space time 
gauge group. The states in the 53 c NS subsector generate a 50(44) 
space time gauge group with an iV = 4 super symmetry where the super 
partners are generated by the sector NS + S = S. This is a general 
feature of free fermionic models. In a super symmetric model where the 
super symmetry is generated by the vector S all the super partners of a 
particular sector a are generated by the sector a + S. 



We discuss a model that describes a = 1 space time with spinorial 
representations of a SO(IO) gauge group. This model is known in the 
literature to be constructed using the NAHE set. In [61 the flipped SU{5) 
free fermionic models were analysed. In |5| an initial start was made in 
the construction of the set used for the flipped SU{5) model. In ISSJ a 
subset of the flipped SU (5) basis vector set was identified as relevant for 
the construction of phenomenologically interesting models. This subset 
was labeled the NAHE set. We start by defining the model. We then set 
the GSO coefficients after which we discuss some interesting properties 
of the model in detail. 

The NAHE set consists of a set of five basis vectors. The vectors are 1, 
S, defined in equation ( 15.1. It and equation ( I5.1.7tt . and the vectors bi, 62 
and 63 



Note that these vectors bi are labeled as such to reflect the notation of 
the literature best. It will be clear from the context whether bi are gen- 



5.2 AN = 1 Model: the NAHE Set 



bi 
b2 
63 



(5.2.1a) 
(5.2.1b) 
(5.2.1c) 
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eral basis vectors or the ones listed above. Since the basis vectors Hsted 
above induce a x twist as will become clear later on, this notation 
will also be used later on for other vectors that induce the same type of 
twisting. The addition of these three vectors have enlarged the space 
of states E considerably. We therefore do not list all the new sectors. 
We however isolate some new sectors which prove to be enlightening for 
further analysis of more complex models. 



We set the GSO coefficients 



1 

S 

bi 
b2 
b3 



1 


s 


bi 


b2 


1 


1 


-1 


-1 


1 


1 


1 


1 


-1 


-1 


-1 


-1 


-1 


-1 


-1 


-1 


-1 


-1 


-1 


-1 



^3 



-1\ 



1 



-1 
-1 

-1/ 



(5.2.2) 



The space time vector bosons come from the NS sector. In this model 
additional vector bosons can come from the ^ = 1 + 61 + 62 + 63 sector. 
The NS sector gives rise to a S O{6f x 50(16) x 50(10). With the GSO 
coefficients given in equation ( I5.2.2tt we find that the states in the ^ 
sector remain in the spectrum and give similar to the construction of 
the S sector in equation ( I5.1.11I I 

vector bosons. This enhances the 50(16) Es as the ^ sector contains 
128 states, the spinorial representation of 50( 16) and the NS sector 
contains 120 states, the vectorial representation of 50(16). We therefore 
find the gauge group 50(6)^ x 50(10) x Eg. 



The additional basis vectors bi induce additional GSO projections on the 
states in the 5 sector We find that bi reduces the number of states in 
the 55 c 5 sector to 



5, 



+ 



5X^0). 



(5.2.4) 



The 62 vector reduces the number of states in the S5 c S sector to 



5, 



+ 



(5.2.5) 



The 63 vector does not reduce the number of states any further. We 
find that there is a degeneracy of 1 of the space time spinorial up and 
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down state. We have therefore reduced the number of space time super 
symmetries to = 1. 

The NAHE set divides the 44 right-moving and 20 left-moving real in- 
ternal fermions in the following way: are complex and produce 
the observable 5*0(10) symmetry; ' '^ are complex and produce the 
hidden Eg gauge group; {ff ,y'^'"' '^}, {ff ^y^'"^ ,ud^'^}, {ff ,u)^'"' ''^} give rise 
to the three horizontal 50(6) symmetries. The left-moving {y,uj} states 
are also divided into the sets {y^''"'^}, {y^'^,tj^'^}, {w^- " '"^j. The left- 
moving x^^, x"^^ x'^ states carry the super symmetry charges. Each sec- 
tor hi, b2 and carries periodic boundary conditions under (^'^|'i/i^' " '^) 
and one of the three groups: {xu, {y^'"' V^), (X34) {y^'^, a;^'^|y^'^- 

There are three sectors of special interest in this model. They are the 
sectors bi, 62 and 63. We will focus on only one as the other two can 
be dealt with similarly. In the sector 61 we find massless states as is 
easily verified using equation ( I4.2.18I I. Similar to the sector S we get a 
degenerate vacuum. One complication arises here. In the case of the 5 
vector we could pair two left, or right moving fermions to create a com- 
plex fermion. Although at the level of the NAHE set this is possible as 
well for the internal fermions y', u!\y\u>\ adding more vectors generally 
disallows this type of pairing. 

Periodic free fermions have a conformal weight h = ^^ 11401 . Fields with 
conformal weight (/i, h) = (^, ^) realise an order operator cr in a two- 
dimensional Ising modelf63l. Since in this case the real fermions have 
periodic boundary conditions we can pair a real left moving fermion with 
a real right-moving fermion to construct an order operator a 

= r{z)r{z), (5.2.6) 

leading to a degenerate vacuum. We find that the unprojected lowest 
mass states induced by the sector bi can be written as 

6 5 

\S) = \i^l'')± \x''')± n W')± \fj')± n l^"')±|0)' (5.2.7) 

1=3 m=l 

where we have used the following pairing 

^Pl'^ = -L(^i+zV.2), (5.2.8a) 

X''-'^'' = -^{x"'-'+^x''), (5.2.8b) 
= y^y\ (5.2.8c) 
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where the other fermions are already complex by construction. We im- 
pose the GSO projection as defined in equation ( 14.2. 161 1. We use the 
combinatorics notation as employed in equation ( I5.1.13tt . Projecting us- 
ing the basis vector 1 gives 



+ 



+ 



+ 



+ 



12 



+ 



+ 



ill 



(5.2.9) 



states in the bi sector. Projecting with the basis vector S gives 

10 



+ 



H^") HT) H^) H s ) HJo: 

(5.2.10) 

states in the bi sector. Projecting with the basis vector bi does not reduce 
the number of states. Projecting with the vector &2 reduces the number 
of states to 



0)^(2 



+ 



+ 

5 
3 



+ 



(5.2.11) 



Note that the sign of c[^^] determines the number of up and down states 
in the vacuum. Projecting with the last basis vector 63 does not reduce 
the number of states any further. We find that the 61 sector produces 
spinorial 16 representations of 50(10). There is a degeneracy of 16 for 

1 2 

the up and down state of the space time spinor i/jp,' . This degeneracy 
is interpreted as 16 families of the spinorial 16 of 50(10). Since the 
number of up and down states in the vacuum is determined by the sign 
of c[^^], we find that this sign determines the chirality of the 16, i.e. 
determines whether we find a 16 or 16 of 50(10). A similar method can 
be followed for the sectors 62 and 63. We therefore find 16 spinorial 16 of 
50(10) coming from each bi giving a total of 48 generations. 

We have thus found a model with a 50(6)^ x 50(10) x Eg gauge group 
and A'^ = 1 space time super symmetry. The next step in the construction 
of a realistic model is to break the 50(10) gauge group and simultane- 
ously reduce the number of families to three. This is usually done using 
three more basis vectors called a, [3 and 7. In section l5^ we discuss 
such models in detail and derive their complete spectra. 
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5.3 Two Advanced Models 

In this section we discuss two advanced semi realistic models. We first 
recall the setup of the nahe set after which we break the unification 
50(10) to standard model like gauge groups. We then discuss one model 
in which the gauge group is not enhanced and one in which the gauge 
group is enhanced. 

A model in the free fermionic formulation f^.'Sl] is constructed by choos- 
ing a consistent set of boundary condition basis vectors as explained 
in section 1431 The basis vectors, b^, span a finite additive group E = 
Y^i^rikbk where Uk = 0, • • • ,Nz^ — 1. The physical massless states in 
the Hilbert space of a given sector a C E, are obtained by acting on 
the vacuum with bosonic and fermionic operators and by applying the 
generalised GSO projections. The U{1) charges, Q{f), for the unbroken 
Cartan generators of the four dimensional gauge group are in one to one 
correspondence with the C/(l) currents /*/ for each complex fermion f, 
and are from equation ( 14. 2. 261 1 

Q{f) = \aif) + FM), (5.3.1) 

where a{f) is the boundary condition of the world-sheet fermion / in 
the sector a, and Fa{f) is the fermion number operator from equation 
( 14.2. 141 1. For each periodic complex fermion / there are two degener- 
ate vacua |+), |— ) , annihilated by the zero modes /o and /o* and with 
fermion numbers F{f) = 0, —1, respectively as explained in section l5^ 

The realistic models in the free fermionic formulation are generated 
by a basis of boundary condition vectors for all world-sheet fermions 
I|fl|60l|3l[l9','8','58','2r,'23|. The basis is constructed in two stages. The 
first stage consists of the NAHE set 17, ,60, ,32, ,26, .21J . which is a set 
of five boundary condition basis vectors, {1, 5, 6i, 62, 63} as explained in 
section [5^ The gauge group at the level of the NAHE set is 50(10) x 
50(6)^ X Eg with = 1 space-time super symmetry. The vector S is the 
super symmetry generator and the super partners of the states from a 
given sector a are obtained from the sector 5 + q as explained in section 
15.1.21 The space-time vector bosons that generate the gauge group arise 
from the Neveu-Schwarz (NS) sector and from the sector ( = 1 + 61 + 
62 + 63. The NS sector produces the generators of 50(10) x 50(6)^ x 
50 (16). The sector ( produces the spinorial 128 of 50( 16) and completes 
the hidden gauge group to Eg. The vectors 61, 62 and 63 produce 48 
spinorial 16's of 50(10), sixteen from each sector 61, 62 and 63. The 
vacuum of these sectors contains eight periodic world sheet fermions. 
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five of which produce the charges under the SO{W) group, while the 
remaining three periodic fermions generate charges with respect to the 
flavour symmetries. Each of the sectors 61, 62 and 63 is charged with 
respect to a different set of flavour quantum numbers, SO (6) 1,2,3- 

The second stage of the basis construction consist of adding three ad- 
ditional basis vectors to the nahe set. Three additional vectors are 
needed to reduce the number of generations to three, one from each sec- 
tor 61, 62 and 63. One specific example is given in table l5.3Jl The choice 
of boundary conditions to the set of real internal fermions {y, ui\y, u)}^'"' 
determines the low energy properties, such as the number of genera- 
tions. 

The S'O(IO) gauge group is broken to one of its subgroups SU{5) x U{1), 
SO{6) X 50(4) or SU{3) x SU{2) x U{lf by the assignment of boundary 
conditions to the set 

2 

= {lllll}^SU{5)xU{l), (5.3.2a) 

2. b{ij\-^} = {11100} 50(6) X 50(4). (5.3.2b) 

2 

To break the 50(10) symmetry to SU{3)c x 5[/(2)l x U{l)c x U{1)l both 
steps, 1 and 2, are used, in two separate basis vectors. The breaking 
pattern 50(10) ^ SU{3)c x SU{2)l x SU{2)r x U{1)b~l is achieved by 
the following assignment in two separate basis vectors 

1. 6{v;i-5} = {11100} 50(6) X 50(4), (5.3.3a) 

2 

SU{3)c xU{l)c X SU{2)lx SU{2)r. (5.3.3b) 

Similarly, the breaking pattern 50(10) ^ 5?7(4)c x SU{2)l x U{1)r is 
achieved by the following assignment in two separate basis vectors 

1. 6{V;i-^} = {11100} 50(6) X 50(4), (5.3.4a) 

2 

2. b{ij\-'} = {000^^} ^5?7(4)cx5[/(2)ixC/(l)fi. (5.3.4b) 

2 z z 

We comment here that a recurring feature of some of the three genera- 
tion free fermionic heterotic string models is the emergence of a combi- 
nation of the basis vectors which extend the nahe set, 

X = n^a + n^/? + n^7, (5.3.5) 
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for which Xl ■ Xl = and Xr ■ Xji / 0. Such a combination may pro- 
duce additional space-time vector bosons, depending on the choice of 
GSO phases. These additional space-time vector bosons enhance the 
four dimensional gauge group. This situation is similar to the presence 
of the combination of the NAHE set basis vectors 1 + 6i + &2 + &3, which 
enhances the hidden gauge group, at the level of the NAHE set, from 
SO (16) to Eg. In the free fermionic models this type of gauge symmetry 
enhancement in the observable sector is, in general, family universal 
and is intimately related to the x orbifold structure which under- 
lies the realistic free fermionic models. This will become clear later on in 
chapters m and [71 Such enhanced symmetries were shown to forbid pro- 
ton decay mediating operators to all orders of nonrenormalizable terms 
123 1 . Below we discuss examples of models with and without gauge en- 
hancement. 

The SU421 symmetry breaking pattern induced by the boundary con- 
dition assignment given in equation ( I5.3.4tt has an important distinc- 
tion from the previous symmetry breaking patterns. As in the previous 
cases, since it involves a breaking of an S0{2n) group to SU{n) x U{\) 
it contains 1/2 boundary conditions. As discussed above the observ- 
able and hidden non-Abelian gauge groups arise from the sets of com- 
plex world-sheet fermions {V'^' " '^f/^' and {4>^'"' '^}, respectively. The 
breaking pattern ( 15. 3. 41 1 entails an assignment of 1/2 boundary condi- 
tion to two complex fermions in the observable set, whereas the symme- 
try breaking patterns in equations ( 15. 3. 21 1 and ( I5.3.3tt involve three such 
assignments. On the other hand, the modular invariance rules (Sj 15 111 
for the product hj ■ 7, where hj are the NAHE set basis vectors and 7 
is the basis vector that contains the 1/2 boundary conditions, enforces 
that no other complex fermion from the observable set has 1/2 boundary 
conditions as explained in section 14.3.11 Additionally, the constraint on 
the product 7 • 7 imposes that either 8 or 12 complex fermions have 1/2 
boundary conditions. Since, as we saw, only two can have such bound- 
ary conditions from the observable set, it implies that six and only six 
from the hidden set must have 1/2 boundary conditions. This is in con- 
trast to the other cases that allow assignment of twelve 1/2 boundary 
conditions in the basis vector 7. The consequence of having only eight 
1/2 boundary conditions in the basis vector 7 is the appearance of ad- 
ditional sectors that may lead to enhancement of the four dimensional 
gauge group. 



57 



Section 5.3. Two Advanced Models 

















^2 






a 













11100 















11110000 


f3 













11100 















11110000 


7 













oooH 















1111 1 1 

2222 22"" 




fi 4-4 

y y y y 




1 ^ 9-9 




f 




J^Uj'^ IjJ^UJ^ Ijj'^Lo'^ ij?UJ^ 


a 


1 


1 


1 




1 1 


1 









1110 


P 





1 


1 




1 





1 






10 


7 








1 1 




1 












10 



Table 5.3.1: Additional basis vectors giving rise to a 5'C/(4) x SU{2) x C/(l) 
gauge group without enhancement. 

5.3.1 A model without enhanced symmetry 

As our first example of a SU42 1 free fermionic heterotic string model we 
consider the model defined in table l5.3H and equation ( I5.3.6tt . specified 
below in addition to the NAHE set explained in section l5l2l Also given in 
tablel5X 2 are the pairings of left— and right-moving real fermions from 
the set {y,Lij|y,(D}. These fermions are paired to form either complex, 
left- or right-moving fermions, or Ising model operators, which combine 
a real left-moving fermion with a real right-moving fermion. 

The generalised GSO coefficients for the model with basis vectors given 
in table l5.3ni are 
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(5.3.6) 



In matrix ( I5.3.6t only the entries above the diagonal are independent 
and those below and on the diagonal are fixed by the modular invariance 
constraints. Blank lines are inserted to emphasise the division of the 
free phases between the different sectors of the realistic free fermionic 
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models. Thus, the first two hnes involve only the GSO phases of cr^^''^^^] . 
The set {1,5} generates the = 4 model with S being the space- 
time super symmetry generator and therefore the phases c\^] are those 
that control the space-time super symmetry in the super string mod- 
els. Similarly, in the free fermionic models, sectors with periodic and 
anti-periodic boundary conditions, of the form of 6j, produce the chiral 
generations. The phases c[^'] determine the chirality of the states from 
these sectors similar to equation dS.l.lTtt . 

In the free fermionic models the basis vectors bi are those that respect 
the 50(10) symmetry while the vectors denoted by Greek letters are 
those that break the 50(10) symmetry. As the Standard Model mat- 
ter states arise from sectors which preserve the 50(10) symmetry, the 
phases that fix the Standard Model charges are, in general, the phases 
c[^']. The phases associated with the basis vectors {a,/3, 7} are asso- 
ciated with exotic physics, beyond the Standard Model. These phases, 
therefore, also affect the final four dimensional gauge symmetry. 

The final gauge group of the model defined in table 15.3.11 and matrix 
( I5.3.6tt arises as follows. In the observable sector the NS boundary con- 
ditions produce gauge group generators for 

SU{i)c X 5C/(2)l X Uil)R X ?7(l)i,2 x 5C/(2)3 x [7(1)4,5 x 5C/(2)6. (5.3.7) 

Here the flavour SU (2)3 x SU (2)5 symmetries are generated by {r?'^C^} 
where = -^{u>'^ + iw'^)- In previous free fermionic models this group 
factor breaks to [/(l)^, but this is an artifact of the specific model consid- 
ered in table 15. 3TTI and is not a generic feature of SU421 models. Thus, 
the 50(10) symmetry is broken to 5C/(4) x SU (2)lxU {1)r, as discussed 
above, where, 

5 

U{1)r = Tr U{2)l ^ Qr = Y, Qii^')- (5-3.8) 

1=4 

The flavour 50(6)^ symmetries are broken to U (1)1,2 x SU (2)3 x ?7(1)4,5 x 
SU{2)g, where Qi,2 = Q{m,2), Qi = Q{ff) and Q5 = Qif^^^)- In the 
hidden sector the NS boundary conditions produce the generators of 

SU{4:)h X SUi2)H, X SU{2)h, x 5^7(2)^3 x [7(1)7,8 (5.3.9) 

where SU{2)hi x SU{2)h2 and SU{2)hs arise from the complex world- 
sheet fermions {(p^cp^} and {0^0^}, respectively; and C7(l)7 and U{l)s 
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correspond to the combinations of world-sheet charges 

6 

Q7 = X]^^'^')' (5.3.10) 

i=5 
4 

= XQ(<^'). (5.3.11) 

i=l 

As we discussed in section [5l3l the SU421 models contain additional sec- 
tors that may produce space-time vector bosons and enhance the four 
dimensional gauge group. In the model of table l5.3!Tl these are the sec- 
tors 27, Ci = 1 + 61 + 62 + 63 and C2 = 1 + 61 + 62 + 63 + 27. However, due to 
the choice of one-loop phases in equation ( 15. 3.61 1 all the additional vec- 
tor bosons from these sectors are projected out by the GSO projections 
and there is therefore no gauge enhancement from these sectors in this 
model. 

In addition to the graviton, dilaton, antisymmetric sector and spin-1 
gauge bosons, the NS sector gives two pairs of colour triplets, trans- 
forming as (6,1,0) under SU (4)c x SU{2)l x U (l)i?; three quadruplets of 
50(10) singlets with U{l)i^2,z charges; and three singlets of the entire 
four dimensional gauge group. The states from the sectors bj (j = 1, 2, 3) 
produce the three light twisted generations. These states and their de- 
composition under the entire gauge group are shown in appendix lA. II 
The remaining massless states and their quantum numbers also appear 
in appendix lA.il 



5.3.2 A model with enhanced symmetry 

We next turn to our second example defined by table 15.3.21 and matrix 
(15.3. 12t . 

The generalised GSO coefficients for the model described by table l5.3!2l 
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Table 5.3.2: Additional basis vectors giving rise to a SU{4) x 5'f/(2) x [/(I) 
gauge group with enhancement. 
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(5.3.12) 



The total gauge group of the model defined by table 15.3.21 and matrix 
( I5.3.12I I arises as follows. In the observable sector the NS boundary con- 
ditions produce the generators of SU{A)c x SU{2)l x U{1)r G 50(10) x 
f^(l)i,2,3 X f^(l)4,5,6, while in the hidden sector the NS boundary condi- 
tions produce the generators of 

SU{4:)h X SU{2)h, X SUi2)H, x SU{2)h, x ^7(1)7 x C/(l)8 . (5.3.13) 

[7(1)7 and U{l)s correspond to the combinations of the world-sheet charges 
given in equations ( 15.3. lOt and ( I5.3.11I I. respectively and where Qi,2,3 = 
Q{m,2,3), Qa = Qiff), Q5 = Q{f^^) and Qe = Q{iu^id^). 

The model with enhancement contains two combinations of non-NAHE 
basis vectors with Xl ■ Xl = 0, which therefore may give rise to addi- 
tional space-time vector bosons. The first is the sector 27. The sec- 
ond arises from the vector combination given by C + 27, where C = 
1 + 61 + 62 + ^3 • Both sectors arise from the nahe set basis vectors plus 27 
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and are therefore independent of the assignment of periodic boundary 
conditions in the basis vectors a, /J.Both are therefore generic for the 
pattern of symmetry breaking S'O(IO) ^ S\J{^)c x S\J{2)l x C/(l)ij, in 
nahe based models. 



In the model without enhancement the additional space-time vector 
bosons from both sectors are projected out and therefore there is no 
gauge enhancement. In the model with enhancement all the space- 
time vector bosons from the sector 27 are projected out by the GSO pro- 
jections and therefore give no gauge enhancement from this sector. The 
sector C + 27 may, or may not, give rise to additional space-time vector 
bosons, depending on the choice of GSO phase 



±1, (5.3.14) 



where with the +1 choice all the additional vector bosons are projected 
out, whereas the -1 choice gives rise to additional space-time gauge 
bosons which are charged with respect to the SU{2)l x SU {2)h^ groups. 
This enhances the SU{2)l x SU {2)hi group to 50(5). Thus, in this case, 
the full massless spectrum transforms under the final gauge group, 
SU{4)c X S0{5) X U{1)r X [/(l)i,2,3 x C/(l)4,5,6 X SU{A)h x SU{2)h, x 
SU{2)h, X U{lh,8. 



In addition to the graviton, dilaton, antisymmetric sector and spin-1 
gauge bosons, the NS sector gives rise to three quadruplets of 50(10) 
singlets with ?7(l)i 2,3 charges; and three singlets of the entire four di- 
mensional gauge group. The states from the sectors 6j©C+27 {j = 1, 2, 3) 
produce the three light generations. The states from these sectors and 
their decomposition under the entire gauge group are shown in ap- 
pendix ESI 



5.4 Overview of the Realistic Models 



In the previous section we have shown how to construct realistic and 
semi-realistic models. We have given details of two specific models. In 
this section we give a recapitulation of the general properties of realis- 
tic and semi-realistic models. We describe properties which have been 
dealt with in detail in the previous sections. We show that the realistic 
models are x Z2 orbifolds with symmetric shifts. This section there- 
fore provides a bridge between specific models and the classification of 
the chiral Z2 x Z2 heterotic string models. 
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The notation and details of the construction of these models are given in 
chapterlHand |7, 60, 33, 19, 8,1 ggl |2T1 IjOl [M l^l [TT] [Tl |3l [gl [Til [10^ 
In the free fermionic formulation of the heterotic string in four dimen- 
sions all the world-sheet degrees of freedom required to cancel the con- 
formal anomaly are represented in terms of free world-sheet fermions 
im ISTll . In the light-cone gauge the world-sheet field content consists 
of two transverse left- and right-moving space-time coordinate bosons, 
X^2 X^2^ their left-moving fermionic super partners V-"! 2> ^^^d 
additional 62 purely internal Majorana-Weyl fermions, of which 18 are 
left-moving, and 44 are right-moving. In the super symmetric sector 
the world-sheet super symmetry is realised non-linearly and the world- 
sheet supercurrent 1 4 1 is from equation ( 14. 1.151 1 given by 

Tf = ^P^dX^ + ix'y V, (/ = 1, • • • , 6). (5.4.1) 

The {x^ ,uj^} (/ = 1, • • • ,6) are 18 real free fermions transforming as 
the adjoint representation of SU(2)^. Under parallel transport around 
a non-contractible loop on the toroidal world-sheet the fermionic fields 
pick up a phase as is shown in equation ( 14. 1.211 1. Each set of speci- 
fied phases for all world-sheet fermions, around all the non-contractible 
loops is called the spin structure of the model. Such spin structures are 
usually given in the form of 64 dimensional boundary condition vectors, 
with each element of the vector specifying the phase of the correspond- 
ing world-sheet fermion. The basis vectors are constrained by string 
consistency requirements and completely determine the vacuum struc- 
ture of the model. The physical spectrum is obtained by applying the 
generalised GSO projections ISl lSTII . 

The boundary condition basis vectors defining a typical realistic free 
fermionic heterotic string model is constructed in two stages. The first 
stage consists of the NAHE set, which is a set of five boundary condition 
basis vectors, {1, 5, 6i , 62, ^3} fST, il |37l IM HI HH IM "2^1 and is ex- 
plained in detail in section 15.21 The gauge group induced by the NAHE 
set is SO{W) X S0{6)'^ x Eg with = 1 super symmetry. The space-time 
vector bosons that generate the gauge group arise from the Neveu- 
Schwarz sector and from the sector ^2 = 1 + 61 + 62 + 63. The Neveu- 
Schwarz sector produces the generators of SO{10) x SO{6)^ x S0{16). 
The ^2-sector produces the spinorial 128 of S0(16) and completes the 
hidden gauge group to Es. 

The second stage of the construction consists of adding to the NAHE set 
three (or four) additional basis vectors. These additional vectors reduce 
the number of generations to three, one from each of the sectors 61, 
62 and 63 , and simultaneously break the four dimensional gauge group. 
The assignment of boundary conditions to breaks SO(IO) to one 
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of its subgroups SU(5) x U(l) (71160), S0(6) x S0(4) (8l|58), SU(3) x SU(2) x 
U(l)2 fSS, 19, aHIMIIlElinilll, SU(3) X SU(2)2 x U(l) or 
SU(4) X SU(2) X U(l) fial. Similarly, the hidden Es symmetry is broken 
to one of its subgroups, and the flavour S0(6)'^ symmetries are broken 
to with 3 < n < 9. For details and phenomenological studies of 

these three generation string models we refer interested readers to the 
original literature and review articles I62ll59ll25ll27ll28l . 

The correspondence of the free fermionic models with the orbifold con- 
struction is illustrated by extending the NAHE set, {1, 5, 6i, 62, ^'a}, by at 
least one additional boundary condition basis vector 1241 [T6ll 

ei = (0,--- ,0| ,0,--- ,0). (5.4.2) 

With a suitable choice of the GSO projection coefficients the model pos- 
sesses an S0(4)^ x Eg x U(l)^ x Eg gauge group and iV = 1 space-time 
super symmetry. The matter fields include 24 generations in the 27 rep- 
resentation of Ee, eight from each of the sectors 61 © fei + ^1, 62 © &2 + ■^i 
and 63 © 63 + ,^1. Three additional 27 and 27 pairs are obtained from the 
Neveu-Schwarz © ,^1 sector. 

To construct the model in the orbifold formulation one starts with the 
compactification on a torus with nontrivial background fields 1.64. .651 . 
The subset of basis vectors 

{1,5,6,6} (5.4.3) 

generates a toroidally-compactified model with = 4 space-time super 
symmetry and S0(12) x Eg x Eg gauge group. The same model is ob- 
tained in the geometric (bosonic) language by tuning the background 
fields to the values corresponding to the S0(12) lattice. 

Adding the two basis vectors bi and 62 to the set ( 15. 4.31 1 corresponds to 
the Z2 X Z2 orbifold model with standard embedding. Starting from the 
= 4 model with S0(12) x Eg x Eg symmetry |64, 65], and applying the 
Z2 X 1,2 twist on the internal coordinates, reproduces the spectrum of the 
free-fermion model with the six-dimensional basis set {1, 5, 6, 6, ^1, ^2}- 
The Euler characteristic of this model is 48 with hu = 27 and /121 = 3. 

It is noted that the effect of the additional basis vector 6 of equation 
( I5.4.2tt . is to separate the gauge degrees of freedom, spanned by the 
world-sheet fermions {ilj^''" '^,fj^ ,fj'^ ,fj^ '^}, from the internal com- 
pactified degrees of freedom {y, uj\y, ui}^'"' In the realistic free fermionic 
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models this is achieved by the vector 27 fT6ll . with 

27 = (0,---,0| ,0,---,0), (5.4.4) 

which breaks the EsxEs symmetry to S'0(16)xS'0(16). The twist 
induced by 61 and 62 breaks the gauge symmetry to SO{4)^ x SO{W) x 
U{1)^ X 50(16). The orbifold still yields a model with 24 generations, 
eight from each twisted sector, but now the generations are in the chiral 
16 representation of SO(IO), rather than in the 27 of Eg. The same 
model can be realized with the set {1, S, ^1, ^2, &i, ^2}, by projecting out 
the 16 © 16 from the ^i-sector taking 



"6' 




"6" 




— > — c 


.6. 



(5.4.5) 



This choice also projects out the massless vector bosons in the 128 of 
S0(16) in the hidden-sector Eg gauge group, thereby breaking the Eg x 
Eg symmetry to 50(10) x £(1) x 50(16). We can define two iV = 4 mod- 
els generated by the set ( 15.4.31 1. Z+ and Z , depending on the sign in 
equation ( I5.4.5t . The first, say Z+, produces the Eg x Eg model, whereas 
the second, say produces the S0(16) x S0(16) model. However, the 
Z2 X Z2 twist acts identically in the two models, and their physical char- 
acteristics differ only due to the discrete torsion equation ( 15.4.51 1. 



This analysis confirms that the Z2 x Z2 orbifold on the 50(12) lattice 
is at the core of the realistic free fermionic models. To illustrate how 
the chiral generations are generated in the free fermionic models we 
consider the Eg model which is produced by the extended NAHE-set 

{1,5*, 6,6,&l,^2}- 

The chirality of the states from a twisted sector bj is determined by the 
free phase c[^^]. Since we have a freedom in the choice of the sign of 
this free phase, we can get from the sector {hi) either the 27 or the 27. 
Which of those we obtain in the physical spectrum depends on the sign 
of the free phase. The free phases c[^^ ] also fix the total number of chiral 
generations. Since there are two 6j projections for each sector bj, i ^ j 
we can use one projections to project out the states with one chirality 
and the other projection to project out the states with the other chirality. 
Thus, the total number of generations with this set of basis vectors is 
given by 
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Table 5.4.1: Model for the illustration of the reduction to three genera- 
tions. 

Since the modular invariance rules fix c[^^] = c[^'] we get that the total 
number of generations is either 24 or 8. Thus, to reduce the number of 
generation further it is necessary to introduce additional basis vectors. 

To illustrate the reduction to three generations in the realistic free fer- 
mionic models we consider the model in table ISAll Here the vector 
( I5.4.2tt is replaced by the vector 27 ( I5.4.4I I. At the level of the nahe set 
we have 48 generations. One half of the generations is projected by the 
vector 27. Each of the three vectors in table ISAll acts non trivially on 
the degenerate vacuum of the sectors hi , 62 and 63 and reduces the num- 
ber of generations in each step by a half Thus, we obtain one generation 
from each sector bi, 62 and ^3. 

The geometrical interpretation of the basis vectors beyond the NAHE 
set is facilitated by taking combinations of the basis vectors in 15.4.11 
which entails choosing another set to generate the same vacuum. The 
combinations a+P, a+7, a+P+j produce the boundary conditions under 
the set of internal real fermions as is displayed in table 15. 4^21 It is noted 
that the two combinations a + /? and /3 + 7 are fully symmetric between 
the left and right movers, whereas the third, a + /3 + 7, is asymmetric. 
The action of the first two combinations on the compactified bosonic 
coordinates translates therefore to symmetric shifts. Thus, we see that 
reduction of the number of generations is obtained by further action of 
symmetric shifts as described in chapter |3l 

Due to the presence of the third combination, the situation is more com- 
plicated. The third combination in table 15.4.21 is asymmetric between 
the left and right movers and therefore does not have an obvious geo- 
metrical interpretation. In subsequent chapters we perform a complete 
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Table 5.4.2: A redefinition of the model listed in table 15. 4TT1 

classification of all the possible NAHE-based Z2 x Z2 orbifold models 
with symmetric shifts on the complex tori, which reveals that three 
generations are not obtained in this manner. Three generations are 
obtained in the free fermionic models by the inclusion of the asymmet- 
ric shift in ( 15.4. 2tt . This outcome has profound implications on the type 
of geometries that may be related to the realistic string vacua, as well 
as on the issue of moduli stabilisation. 
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Part II 

Classification of the Chiral 
Z2 X Z2 Heterotic String 
Models 
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Chapter 6 



The Classification in the 
Orbifold Formulation 



In this chapter we set up the partition function of the heterotic string 
using the geometrical description. We start by describing the = 4 
heterotic string. We break the number of super symmetries using a 
^2 X ^2 twist. This leads to four subclasses of TL^ x TL^ heterotic string 
models. We isolate the different subclasses and show their partition 
functions. This chapter is based on parts of l29l l30ll3TI . 



6.1 = 1 Heterotic Orbifold Constructions 



In this section we revise the TL^ x Z2 heterotic orbifold construction and 
relate this to the free fermionic construction. We isolate the individual 
conformal blocks that will facilitate the classification of the models and 
set up a procedure to analyse all possible = 1 heterotic Z2 x Z2 models. 
We start by describing the procedure to descend from = 4 to = 1 
super symmetric heterotic vacua. 
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6.1.1 The = 4 orbifold models 



The partition function for any heterotic model via the fermionic con- 
struction is from equation ( I4.1.13I I 

11 1 ^° - 

^ = :^m4 E ^Kiwn^t^:]^!!^^]^- (6.1.1) 

' ' a.feeH i=l j=l 

In the above equation M is the number of basis vectors and the param- 
eters in the ??-functions represent the action of the vectors. In order 
to obtain a super symmetric model we need at least two basis vectors 
{1,5} as explained in section [5.1.2l 

-l,...,6^-l,...,6^^1,...,5^ -1,2,3^ ^l,...,8|^ (6.1.2) 

S = {^P^'^x'-'}- (6.1.3) 

The super symmetric GSO projection is induced by the set S for any 
choice of the GSO coefficient 



±1. (6.1.4) 



The corresponding partition function has a factorised left-moving con- 
tribution coming from the sector S. We find from equation ( 14. 1.81 1 

where 

r6,6+16[50(44)] _ly m'm''\ (g_i_g) 
c,d 



and as in equation dS.l.lTtt 



(6.1.7) 



defines the chirality of = 4 super symmetry. Therefore, the role of the 
boundary condition vector S is to factorise the left-moving contribution 
l|53J. 

zk=, = -Yl {-ir^'^^'-'mivntw^) ~ v\ (6.1.8) 

a,b=0 

which is zero with the multiplicity of = 4 super symmetry. 
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The above partition function gives rise to a 50(44) right-moving gauge 
group and is the maximally symmetric point in the moduli space of the 
Narain Tg e+ie lattice. The general Fg g+ie lattice depends on 6 x 22 
moduli, the metric Gij and the antisymmetric tensor Bij of the six di- 
mensional internal space, as well as the Wilson lines Y/ that appear in 
the 2d-world-sheet as in equation ( I4.1.9t 



1 



,a6 



1 



S = — I d'a^g'^'Gi.daX'dbX^ + — / d'ae^'BijdaX'dhX^ 



An 



j2 _,a6 ] 



(6.1.9) 



Here i runs over the internal coordinates and I runs over the extra 16 
right-moving degrees of freedom described by V^^. 

The compactified sector of the partition function is given by r6,6+i6 
(det Gf 



6,6+16 



E 

m,n 
16 



exp 



Ti- ■ 

TT— [m* + nV] [m^ + 

T2 



En 



exp 



7,5 1=1 



iTm'{m^ + n^f)Y/Y/ 



(y/(m^+nV)|r), 



(6.1.10) 



where = Ga + B^. 



Equation ( I6.1.10I I is the winding mode representation of the partition 
function. Using a Poisson resummation we can put it in the momentum 
representation form: 



r6,22 = ^ exp <! —PiG'^Pj - —PiG'^Pj - iTTfQ'Q' 
P,P,Q 



with 



Pi = mi + Bijn^ + -Y/Yln^ + Y/Q^ + G,in^ 



Pi 



+ Bijn^ + ^Y/Y/n^ + Y/Q' - G, 



+ Yin' 



(6.1.11) 



(6.1.12a) 

(6.1.12b) 
(6.1.12c) 



The charge momenta = n — ^ are induced by the right-moving 
fermions ip^ which appear explicitly in the T?-functions from equation 
(I8.2.28t . 
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For generic Gij , Bij and for vanishing values for Wilson lines, y/ = one 
obtains an iV = 4 model with a gauge group U{lf x 50(32). The U{lf 
can be extended to SO{12) by fixing the moduli of the internal manifold 
L24,.16J. 

The = 4 fermionic construction based on {1,5} ( I6.1.5t has an ex- 
tended gauge group, 50(44). From the lattice construction point of view, 
a iV = 4 model with a gauge group G c 50 (44) can be generated by 
switching on Wilson lines and fine tune the moduli of the internal man- 
ifold. Moving from the 50(44) to U{lf x 50(32) heterotic point as well 
as to the U{1)^ x Eg x Eg point can be realized continuously |55|. The 
partition function at the C/(l)^ x Eg x Eg point takes a simple factorised 
form 

r6,6+i6 = ^^^^3^^ ^ exp I - vr^ [m} + nV] [m^ + n^f] \ 
2 ^ 



(6.1.13) 



6.1.2 The N = 1 orbifold models 



To break the number of super symmetries down from = 4 to = 1 
in the fermionic formulation using a x twist, we introduce the 
vectors 61 and 62- 

bi = {x''\x''^ y''\y'''\ ...}, (6.1.14) 
b2 = y'-^l •••}• (6.1.15) 

The bi twists the second and third complex planes (3,4) and (5,6) while 
62 twists the first and third (1,2) and (5,6) ones. Thus, 61, 62 separate the 
internal lattice into the three complex planes: (1,2), (3,4) and (5,6). Note 
that these basis vectors are linear combinations of the vectors defined 
in equation ( 15.2. ll >. 

The action of the ^j-twists fully determines the fermionic content for 
the left-moving sector. The dots ... in 5i, 62 stand for the ni, 712 right- 
moving fermions. To generate a modular invariant model we can distin- 
guish four options Ui are either 8, 16, 24 or 32 real right-moving fermions 
in the basis vector b^. 

Defining the basis vectors with 8 real right-moving fermions leads to 
massless states in the spectrum in vectorial representations of the gauge 
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groups; 16 real right-moving fermions give rise to spinorial represen- 
tations on each plane. Adding either 24 or 32 right-moving fermions 
would produce massive states in the spectrum. We discard the last two 
options. We thus need to introduce 16 real fermions (8 complex) in the 
vectors bi , 62 for the existence of spinorial representations on the first 
and second plane. 



A suitable choice having section 14^31 in mind, is for instance 



b2 



{x 



(6.1.16) 
(6.1.17) 



The N = I partition function based on {1, 5", 5i, 62} is 



1 iiT{a+b+tiab) 



T2\'n\ 



2 ^ 



E 

hi,h2,gi,g2 



7,0 



6,6 



'y,hi,h2 

5,31,32 



rf'rf' 



] ^[ 


a+hii 
fe+gi J 








'y,hi,h2 
S, 91,92 





1-/121 
b- 91-92 J 



6,6 



■y,hi,h2 

'y,hi,h2 
"5,91,92 

'Zis [J 



■y-hi-h2-i5 
<5-9i-92 J ' 



(6.1.18a) 

^[Jl^r^i-^lf l-18b) 

(6.1.18c) 
(6.1.18d) 



In equation ( I6.1.18bl > the internal manifold is twisted and thereby sep- 
arated explicitly into three planes. The above model is the minimal 
Z2 X Z2 with = 1 super symmetry and massless spinorial represen- 
tations in the same 50 (10) group coming from the first and/or from the 
second plane. The number of families depends on the choice of the phase 
ipL- The freedom of this phase arises from the different possible choices 
of the modular invariant GSO coefficients c[^-]- The maximal number of 
the families for this model is 32. Introducing internal shifts, associated 
in part to ^pL, can reduce this number as we will discuss below. 



We could have chosen the boundary conditions for different right-moving 
fermions. This would lead to spinorial representations on each plane, 
but the group to which they would belong would differ in each plane. 
As we require spinors in the same group we have discarded this option. 
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Choosing an overlap with more than 6 complex fermions in the right- 
moving sector between the vectors 61 and 62 leads to a 50(14) gauge 
group and is discussed in detail in section 17.4. 1[ 



In order to have spinors in the spectrum on all three planes we need to 
separate at least an 50(16) (or Eg) from the Tq^22 lattice . We therefore 
introduce the additional vector 



(6.1.19) 



to the set. It is easy to see that this vector is consistent with the rules 
written down in section l4.3.1[ With this vector the partition function for 
the gauge sector J6.1.18dl ) modifies to 



^18 [J] 



(6.1.20) 



We can further separate out the internal Tq^q lattice by introducing the 
additional vector 



e = {yi,...,6,'^i,...,6|yi,...,6,'i^i,...,6}, 
which modifies the Fg e lattice in J6.1.18bl l to 



(6.1.21) 



6,6 



1,hi,h2 
S, 91,92 



2 ^ 



\^lS+gJ^lS+g,+g2 J 



■7+'iei or 
S+9e J ^S+g 



7+/le-/ll-/l21 
-91-92 ' 



(6.1.22) 



In the above {I, S,bi,b2,e, z} construction the gauge group of the observ- 
able sector becomes either 50(10) x C/(l)^ or Eg x U{1)'^ and the hidden 
sector necessarily is 50(16) or Eg depending on the generalised GSO co- 
efficients, (the choice of the phase ipi), while the gauge group from the 
r6,6 lattice becomes d = 50(6) x U{lf. 



So far the construction of the = 1 models is generic. The only require- 
ment we are imposing is the presence of spinors on all three planes. We 
denote this subclass of models the models. In a = 1 model the 
spinors could be replaced by vectorial representations of the observable 
gauge group. This replacement gives rise to three additional classes of 
models which we denote by S'^V, SV'^ and V'^. The condition of spino- 
rial representations arising from each one of the Z2 x orbifold planes 
together with the complete separation of the internal manifold is syn- 
onymous to having a well defined hidden gauge group. In subsequent 
sections we discuss these four classes of models. We define two sub- 
classes of the S'^V models. When we separate one 50(8) we find that 
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spinorial representations of a second SO{W) are present in the spec- 
trum. We also find in this subclass of models massless states on the 
third plane. Part of the massless states form vectorial representations 
of the observable 50(10). Note that when we separate a second SO {8) 
from the hidden sector we end up in the subclass of x heterotic 
orbifold models as is discussed in I3d! l29ll . We refer to the class where 
no S0{8) gauge group is separated from the hidden sector as the simple 
S'^V models. The models that have a SO (8) gauge group separated are 
referred to as the extended S'^V models. 



6.2 The Orbifold Models 



In the class of Z2 x Z2 orbifold models, the internal manifold is broken 
into three planes. The hidden gauge group is necessarily Eg or 50(16) 
broken to any subgroup by Wilson lines (at the = 4 level). In order 
to classify all possible S^ models, it is necessary to consider all possible 
basis vectors consistent with the rules from section 14.3.11 Namely: 

Zl = {0^'-'^}, (6.2.1) 
Z2 = {<^^'-'^}, (6.2.2) 
ei = {yi,u;i\yi,LVi}, i e {1, 2, 3, 4, 5, 6}. (6.2.3) 

The zi,Z2 vectors allow for a breaking of hidden Eg or 50(16) to 50(8) x 
50 (8) depending on the modular coefficients. As we discuss below this 
splitting of the hidden gauge group has important consequences in the 
classification of the S^ class of models by the number of generations. 
The introduction of Cj vectors is necessary in order to obtain all pos- 
sible internal shifts which also induces all possible modification to the 
number of generations. 

The partition function for the = 1, 5^ model based on {1, S, Cj, zi, Z2,- 
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61,62} is 



]_ 1 \ " i^^(a+b+^lab) 

lr,|4 9 Z^"" 



T2\V\^2 



a,l3 



A ^-^ rj 

2 

\hi\pi, 
[91 1 91,' 



hi,h2,gi,g2 
^2,2 



E 



rj 

^2,2 



7] 

92193,94 



qra-hi-h2] 



2,2 



-/ll-/l2|P5,P6 
-9i-52|95,96 



- T. 



l,hi,h2 
5,91,92 



^2 [I] 



7,7',?,5,5',C 
■2^16 



r]° 



'y,hi,h2 
■5,91,92 

[J 



^J7+'12 



5+92 J L5+/,2 



J ^iS-gi-g2 J ' 



7',« 

5',C 



<5J' 

')''l4,Qr7'+?l4 



(6.2.4a) 

(6.2.4b) 
(6.2.4c) 
(6.2.4d) 



The r6,6 lattice of = 4 is twisted by hi,gi, thus in the = 1 case sep- 
arated into three (2,2) planes. The contribution of each of these planes 
in = 1 partition function is written in terms of twists hi , gi and shifts 
Pi, Qi on the r2,2 lattice. The expressions of those lattices at the maximal 
symmetry point is 1.301 like equations ( I3.4.9tt and ( I3.4.19tt 



2,2 



h\Pi,Pj 
9\<li,9] 



\f-P 



ai,bi,aj,bj 



i'K<p-l -\-iTX(f)2 



(6.2.5) 



where the phases 

(t>i = aiqi + biPi + QiPi, 



ajqj + bjpj +qjPj, 



(6.2.6) 



define the two shifts of the r2,2 lattice. At the generic point of the mod- 
uli space the shifted r2,2 lattice depends on the moduli (T, [/), keep- 
ing however identical modular transformation properties as those of the 
fermionic point. 

For non-zero twist, {h,g) / (0,0), r2,2 is independent of the moduli T, U 
and thus it is identical to that of ( I6.2.5tt constructed at the fermionic 
pointl'46l l45ll . Thus for non- zero twist, {h, g) / (0, 0), 



2,2 



h\Pi,Pj 
9\9i,9j 



{T,U) 



\{h,9)^{0,0) 



2,2 



h\pi,Pj 
9\9i,9j 



\f-P- 



(6.2.7) 
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For zero twist, {h,g) = (0,0), the momentum and winding modes are 
moduli dependent and are shifted by qi, qj and pi,pj, we find from equa- 
tion (ISAlHl* 



2,2 



0\Pi,Pj 



{T,U) 



TTT2 
T2U2 



1^1 [ IT-l + ^) + "12 (^n2 + y 



miU -m2+ T{ni + y) + TU{n2 + ^[ 




(6.2.8) 



The phase (/^^ is determined by the chirahty of the super symmetry as 
well as by the other modular coefficients similar to equation ( 15. 1.171 1 



(pL{a,b) 



IE 



aiPj, 



(6.2.9) 



where and Pj are the upper- and lower- arguments in i^-functions 
corresponding to the boundary conditions in the two directions of the 
world sheet torus and which are associated to the basis vectors Vi and 
Vj of the fermionic construction. The only freedom which remains in 
the general 5'^ = 1 model is therefore the choice of the generalised 
GSO projection coefficients c[^^] = ±1. The space of models is classified 
according to that choice which determines at the end the phase (fi- We 
have in total 55 independent choices for c[^^ ] that can take the values 
±1. Thus, the total number of models in this restricted class of = 1 
models is 2^^. We classify all these models according to the values of the 
GSO coefficients. 



The NAHE model is an example of a model of the general S^, N = 1 
deformed fermionic = 1 model. More precisely we can write the NAHE 
set basis vectors as a linear combination of basis vectors {1, S,ei, zi, Z2,- 
61, 62} which define the general N = 1 model as mentioned in section 

ixii 

S + bi, (6.2.10) 

5 + 62 + 65 + 66, (6.2.11) 

l + 6l+62 + 65 + 66 + Zi+Z2. (6.2.12) 

We see that the NAHE set is included in these models as mentioned in 
section 16.1.21 



^NAHE 
i,NAHE 
^NAHE 
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6.3 The Simple S'^V Orbifold Models 



In this section we present the = 1 x heterotic string orbifold 
models that exhibit spinorial representations on the first two planes. 
We write down the partition functions of the simple S'^V models. 



Without separating a 50(8) from the = 1 partition function we intro- 
duce the free shifts on the internal manifold. In the fermionic language 
this is accomplished by means of the vectors Cj 

ei = {y\J\y\uj'}, i G {1, 2, 3, 4, 5, 6}. (6.3.1) 

The partition function for this subclass of models generated using the 
basis set {1, S, 61, 62, e,} is 



^2 1 
1 

4 



a,b 



E 

hi,h2,9i,92 



V 



2,2 



Villi 
1 



[91 ki,' 



b+g2 J 
V 

^2,2 



b+91 



ara-hi-h2-\ 
ifc-gl-g2 ' 



h2\P3,P4 
92193,94 



2,2 



-hi-h2\p5,P6 
-9i-92|95,96 



'y,hi,h2 
'5,91 >92 



^18 UJ 



7,(5 



(5,91,92 
'^18 [I 



(5-91-92 



(6.3.2a) 

(6.3.2b) 
(6.3.2c) 



The r6,6 lattice of = 4 is twisted by /ij, 5i, thus in the = 1 case sep- 
arated into three (2,2) planes. The contribution of each of these planes 
in the A^ = 1 partition function is written in terms of twists hi , gi and 
shifts Pi.qi on the r2,2 lattice. The expressions of those lattices at the 
self dual point (free fermionic point) is similar to equation J6.2.5I I 

1 ^ ^..(^1+^.02 



r 



2.2 



h\Pi,Pj 

g\gi,gj 



\f-p 



■j+9- 



(6.3.3) 



where the phases 

4>i = aiQi + biPi + qiPi, (pj = ajQj + bjpj + qjpj, (6.3.4) 

define the two shifts of the r2,2 lattice. At the generic point of the mod- 
uli space the shifted r2,2 lattice depends on the moduli (T, U), keeping 
however identical modular transformation properties as those at the 
fermionic point. 
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6.4 The Extended S'^V Orbifold Models 



In this section we present the = 1 x heterotic string orbifold 
models that exhibit spinorial representations on the first two planes 
with a broken hidden gauge group. We write down the partition func- 
tions of the extended S'^V models. 



Separating a S'0(8) from the hidden gauge group and introducing the 
free shifts on the internal manifold is realised in the fermionic language 
by the vectors 

a = {y\J\y\ud'}, i e {1,2,3,4,5,6}, (6.4.1) 
Z2 = {<^'''-''}. (6.4.2) 

The partition function for this subclass of models generated by the basis 
set {1, 5, 61, 62, Ej, 2^2} is similar to equations ( I6.3.2tt . The difference lies 
in equation ( I6.3.2cl l and reads for this subclass of models 



Z 



18 



7,f 



2E^[I]'^[!]'- (6.4.3) 



We note that in this subclass of the Z2 x Z2 orbifolds the hidden 5*0(18) 
identified as Zig = ZiqZ^ is broken to a 50(10) x 50(8) by means of the 
Z2 vector. In this subclass of models we find that a priori spinorial repre- 
sentations of this second 50(10) can appear in the massless spectrum. 
We will expand on this issue further in section [7.3.2l 
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The Classification in the 
Fermionic Formulation 



In this chapter we use the direct translation of the geometrical descrip- 
tion of the heterotic super string in a free fermionic description to clas- 
sify the four subclasses of the x Z2 heterotic string models. We use 
the methods and techniques developed in chapter |5l We discuss each of 
the subclasses S^, S'^V, SV'^ and of models in detail. We give their 
basis set for the free fermionic formulation. The gauge group and the 
observable matter spectrum is derived. This formulations allows for the 
classification of the chiral x Z2 heterotic string models. This chapter 
is based on parts of l29ll30ll3Tll . 



7.1 The Free Fermionic Models 



A model in the free fermionic formulation of the heterotic super string is 
determined by a set of basis vectors, associated with the phases picked 
up by the fermions when parallelly transported along non-trivial loops 
and a set of coefficients associated with GSO projections as described 
in section 14.31 The free fermions in the light-cone gauge in the tradi- 
tional notation are: tp^^ , x\ y\ i = 1, . . . , 6 (left movers) and y\Cj\i = 
1, . . . , 6, ?/;^, A = 1, . . . , 5, c^*", a = 1, 8 (right movers). The chiral Z2 x Z2 
fermionic models under consideration with spinorial representations on 
each plane are generated by a set of 12 basis vectors 

B = {vi,V2,...,Vi2}, (7.1.1) 
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where 

Vl = 1 
V2 = S 
V2+i = Gi 
Vg = bi 
VlO = b2 
Vii = Zi 

Vl2 = Z2 

The vectors 1 , S generate a = 4 super symmetric model as explained 
in section 15.1.21 The vectors e^, i = 1, . . . , 6 give rise to all possible sym- 
metric shifts of internal fermions (y*,a;*,y*,(D*) while hi and 62 stand for 
the Z2 X Z2 orbifold twists. The remaining fermions not affected by the 
action of the previous vectors are 0*, i = 1, . . . , 8 which normally give rise 
to the hidden sector gauge group. The vectors zi,z2 divide these eight 
fermions in two sets of four which in the Z2 x Z2 case is the maximum 
consistent partition function JSl ISTl . This is the most general basis, 
with symmetric shifts for the internal fermions, that is compatible with 
Kac-Moody level one 50(10) embedding. 

The associated projection coefficients are denoted by c[^'] ,i,j = l,...,12 
and can take the values ±1. They are related by modular invariance 
43 = ^Mi^vi ■ vj}c[2] and c[;;;] = exp{if t;^ • Vi}c['{] leaving 2^6 inde- 
pendent coefficients. Out of them, the requirement of = 1 super sym- 
metric spectrum fixes (up to a phase convention) all cTf 1 , i = 1, . . . , 12. 
Moreover, without loss of generality we can set c[J] = -1, and leave the 
rest 55 coefficients free. For more details we refer to chapter HI There- 
fore, a simple counting gives 2^^ (that is approximately 10^^-^) distinct 
models in the class under consideration. In the following we study this 
class of models by deriving analytic formulas for the gauge group and 
the spectrum and then using these formulas for the classification. 



7.1.1 The gauge group 

We describe the gauge configuration of the models defined by the basis 
vectors {1, 5, Cj, zi, 22, ^2}- For this purpose we start with a simplifica- 
tion and separate out the internal manifold using equation ( I6.1.2H . As 
the twisting vectors hi and 62 are used to break the 5*0(16) 50(10) x 
C/(l)^ we will firstly describe the configuration without these vectors. 
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{r, x'-\ y^-^u^-%'-\ r^l.2'^ <a^'-'«}, 

{y\J\y\u)'}, i = 1,...,6, 

{x'\x'\y'\y'%'\y'\v\i,''-''}, (7.1.2) 

{^5....,8}_ 
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Gauge group G 



Eg X SO{28) 



+ 



+ 



+ 



+ 



+ 



+ 



+ 



+ 



+ 



50(16) 
50(16) 
50(16) 



50(24) X 50(20) 
50(24) X 50(20) 
50(32) X 50(12) 
X 50(16) X 50(12) 
X 50(16) X 50(12) 
X 50(16) X 50(12) 
Eg X Eg X 50(12) 



Table 7.1.1: The configuration of the gauge group of the = 4 theory. 
We have separated a priori the internal and the hidden and observable 
gauge group using the vectors e and Zj. Introducing the other vectors 
and bi only induce breaking of these groups. 



The gauge group induced by the vectors {1, 5, e, zi , Z2} without enhance- 
ments is. 



where the internal manifold is described by 50(12) and the hidden sec- 
tor by 50 (8) X 50(8) and the observable by 50(16). By choosing the GSO 
coefficients the S0(16) can enhance either to Eg or mix with the other 
sectors producing either 50(24) or 50(32). Similarly the 50(8) x 50(8) 
can enhance either to 50(16) or Eg or mix with the observable or in- 
ternal manifold gauge group. This leads to enhancements of the form 
50(20) or 50(24). The exact form depends only on the thre e GSO coef- 
ficients c[^^] , c[^J , c[^j] . We have shown the results in table l7.1Jl 

Proceeding to the complete model {1,5,64,2:1,2:2,61,62} we break these 
gauge groups to their subgroups. Imposing the shifts Cj we can break 
the internal gauge group down to its Cartan generators by a suitable 
choice of the coefficients. By a suitable choice we can break 50(20) — > 
50(8) X [7(1)6. 

When we also include the twists we break 50(16) 50(10) x U (l)'^ and 
Eg ^ Ee X J7(l)2. Similarly we can break 50(24) ^ 50(10) x U{1)^ x 
50(8) and 50(32) ^ 50(10) x [7(1)3 x 50(8) x 50(8). Enhancements 
can subsequently occur of the form 50(8) x [7(1) c 50(32) ^ 50(10) or 
50(8) X 50(8) X [7(1) c 50(32) ^ 50(18). We find possible enhance- 
ments of the form 50(10) x 50(8) C 50(32) ^ 50(18) . 

In table 17. im we notice that the coefficient c[^^] distinguishes between 
the 50 (32) models and the Eg x Eg models. Since we require complete 



G = 50(16) X 50(8)i X 50(8)2 x 50(12) 



(7.1.3) 
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separation of the gauge group into a well defined observable and hidden 
gauge group, we set the coefficient c[^^] = — 1 in the classification. 

Gauge bosons arise from the following four sectors at the N = 1 level. 

G = {0,zi,Z2,zi+Z2,x}, (7.1.4) 

where 

x = i+5+x;e.+x;^fc = {fl''^^p'''''} . (7.1.5) 

i=l k=l 

The sector gauge bosons give rise to the gauge group at the = 1 
level 

50(10) X ^7(1)^ X S0{8) X S0{8). (7.1.6) 

The X gauge bosons when present lead to enhancements of the tradi- 
tionally called observable sector (the sector that includes SO{10)) while 
the zi + Z2 sector can enhance the hidden sector (SO (8) x 5*0 (8)). How- 
ever, the zi , Z2 sectors accept oscillators that can also give rise to mixed 
type gauge bosons and completely reorganise the gauge group. The ap- 
pearance of mixed states is in general controlled by the phase c [^^] . The 
choice c[^^] = +1 allows for mixed gauge bosons and leads to the gauge 
groups presented in Table 17X21 

The choice c[^^] = — 1 eliminates all mixed gauge bosons and there are 

a few possible enhancements: SO{W) x U{1) Eg and/or 50(8)^ 
{S'0(16), Es}. The x sector gauge bosons survive only when the GSO 
coefficients are such that 

1, (7.1.7) 
and the states in the sector x remain. We can rewrite this as 

6 2 

Yl i(^i\ej) + Y.{ei\zk) = mod2, i = l,...,6, (7.1.8) 

6 

Y{ej\zk) = mod 2 , A; = 1,2, (7.1.9) 

where we have introduced the notation 

gi^KK) ^ (vi\vj) = 0,1, (7.1.10) 

and one of the constraints in ( 17. 1.81 1 and il.l.di can be dropped because 
of linear independence with the rest. 
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As far as the SO{8) x SO{8) is concerned, we have using a similar Hne 
of thought as before, the following possibilities 

(i) (ei|zi) = (6jzi)=0Vi = l,...,6, a = l,2, (7.1.11a) 

(ii) {ei\z2) = {ba\z2)=0yi = l,...,6, a = l,2, (7.1.11b) 
(iii) {ei\zi + Z2) = {ba\zi + Z2) = Oy i = 1, . . . ,6, a = l,(2.1.11c) 

Depending on which of the above equations are true the enhancement 
is 

both (i) and (ii)^ Eg, (7.1.12a) 
one of (i) or (ii) or (iii) =^ SO{16), (7.1.12b) 
none of (i) or (ii) or (iii) =^ SO{8) x SO{8). (7.1.12c) 

In the following we will restrict to the case c[^^] = — 1 as this is the more 
promising phenomenologically. 

7.1.2 Observable matter spectrum 

The untwisted sector matter is common to all models and consists of six 
vectorials of 50(10) and 12 non-Abelian gauge group singlets. In models 
where the gauge group enhances to Eg extra matter comes from the x 
sector giving rise to six Eg fundamental reps (27). 

Chiral twisted matter arises from several sectors. In section l5^ we saw 
that twisted matter comes from the sector S + bi. From equation ( I5.2.7t 
we find that the states in the sector S + bi are 

6 5 

i5)5+., = \i^i'')± \x''')± n n iv^"')±io)' (7.1.13) 

1=3 m=l 

where we have used the following pairing 

= -L(V;i+z^2), (7.1.14a) 

X''-'^'' = -^{x"'-'+^x''), (7.1.14b) 
4 = y'y\ (7.1.14c) 
where the other fermions are already complex by construction. 

The vector 5 + 6i + 63 is 

5 + 61 + 63 = {V';l'^ x'\^'\y\ y'^ I y\ y^^^ V^^--'}. (7.1.15) 
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2k~l,2k 

A, 













The states in this sector are 

6 5 
l=i m=l 

where we have used the following pairing 

(7.1.17a) 

(7.1.17b) 

(7.1.17c) 
(7.1.17d) 

where the other fermions are already complex by construction. It is 
then clear that by adding the basis vector e^, where i £ {3, ... ,6}, to the 
vector bi gives rise to new massless chiral twisted matter. 

We therefore find that the chiral twisted matter arises from the follow- 
ing sectors 

Bp]^rs = S + bi + pes + qei + re^ + scq + {x), (7.1.18a) 
B^^qrs = S + b2+pei + qe2 + re5 + see + {x), (7.1.18b) 
B§}rs = S + b3+pei + qe2 + re3 + 364 + {x), (7.1.18c) 

where b^ = bi + b2 + x. These are 48 sectors (16 sectors per orbifold 
plane) and we choose to label them using the plane number i (upper in- 
dex) and the integers p, q,r,s = {0, 1} (lower index) corresponding to the 
coefficients of the appropriate shift vectors. Note that for a particular 
orbifold plane i only four shift vectors can be added to the twist vector 
hi (the ones that have non empty intersection) the other two give rise to 
massive states. Each of the above sectors ( 17. 1.181 1 can produce a single 
spinorial of 50(10) (or fundamental of Eg in the case of enhancement). 
Since the Eg model spectrum is in one to one correspondence with the 
50(10) spectrum in the following we use the name spinorial meaning 
the 16 of 50(10) and in the case of enhancement the 27 of Eg. 

One of the advantages of our formulation is that it allows to extract 
generic formulas regarding the number and the chirality of each spino- 
rial. This is important because it allows an algebraic treatment of the 
entire class of models without deriving each model explicitly. 

We now concentrate on one sector. We take for convenience the sector 
S + bi thereby setting p,q,r,s = in equation ( I7.1.18att . The S + bi sector 
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is described in equation ( I7.1.13I I. The projection induced by 1 sets the 
overall sign to be equal to +1 as explained in equation I l5.2.9t . The GSO 
constraints of the vectors are 



GSOei = Ss+biC 



'S + 6i' 




'S + b{ 






= — c 


= — C 


S + hi 











(7.1.19) 



If we set the coefficients for the ei or 62 to —1 we project out the sector 
S + hi. We have therefore obtained a constraint for the sector to survive. 
The number of families from this sector depends on the projector 



-^0000 



1 



4, 



62 1 



2 2 "■i-'"' 

Imposing the bi projection reveals no results of interest for the number 
of generations. The GSO projection induced by the bi vector is 



GSOb^ 



'S + bi 




" bi - 




= — c 


S + bi 



-1. 



(7.1.21) 



This result induces a constraint not relevant for this calculation. The 
GSO projection induced by the 62 vector is 



GSOb. 



S + hi^_\ 62 ■ 
h2 \ ~ VS + bi 

This induces a constraint on the chirality of the 

S + hi 



Ch(x^')Ch(y^y^)Ch(yV)Ch(V'^'-'^) 



(7.1.22) 



(7.1.23) 



The chirality of the internal fermions is set by the coefficients c[^^'^J. 
We only consider the states where the spacetime spinor is in the up 
state by convention. Due to the GSO projection of the S vector we can 
solve the chirality of the x^'^ state. The chirality of the is 



Ch(Vi^- 



b2 + 65 + ee' 
5 + 61 



(7.1.24) 

(1) 



The GSO projection of the last vector z completes the projector -Pqooo 

1 ^ ^ 



-^0000 



4, 



Z2 



2 2 "'i-'^' 

The chirality of the ^/i^' contributes to the total number of generations 
per plane. In the S + bi sector the number of generations therefore is 



ch(?/;i' 



^2 + 65 + 66 
S + h2 

1 



1 



45:^. J 1 



4, 



Z2 



"'^oooo-^oooo' ('7-1-26) 



87 



Section 7.1. The Free Fermionic Models 



where we have identified a chirality operator Xp^L and a projector oper- 
ator Pplls . Similarly we can derive these formulae for the other planes 
and sectors as well. 

The number of surviving spinorials per sector il.l.lSi is given by 



p(i) 

pqrs 



^ pqrs 



p(3) 
^ pqrs 



1 

16 



n ' 



i=l,2 



16 



n ' 



i=3,4 



B 



B 



(1) 

pqrs, 

ei 

(2) 
pqrs. 



16 



n ' 



i=5,6 



B 



(3) 
pqrs. 



n 

7Tt=l,2 

n 

rt=i; 

n 

m=l,2 



7Tt=l,2 



1 



B 



(1) 



pqrs. 



B 



(2) 



pqrs. 



i3, 



(3) 



(7.1.27a) 
(7.1.27b) 
(7.1.27c) 



where Ppqrs is a projector that takes values {0, 1}. The chirality of the 
surviving spinorials is given by 



^^pqrs 



X(2) 
^^pqrs 



^^pqrs 



62 + (1 - r)e5 + (1 - s)e6- 



(1) 

pqrs 



bi + (1 - r)e5 + (1 - s)e6' 

^(2) 
^pqrs 

hi + (1 - r)e3 + (1 - s)e4 



(3) 



pqrs 



(7.1.28a) 



(7.1.28b) 



(7.1.28c) 



where X 
andXl 



pqrs 



- + corresponds to a 16 of S'O(10)(or 27 in the case of Eg) 
'pgrs corresponds to a 16 (or 27) and we have chosen the space- 
time chirality C(V''^) = +1. The net number of spinorials and thus the 
net number of families is given by 



3 1 

iVF = V V xW p« 

^ / J / J pqrs pqrs 
1=1 p,q,r,s=0 



(7.1.29) 



Similar formulas can be easily derived for the number of vectorials and 
the number of singlets and can be extended to the U{1) charges but in 
this work we restrict to the spinorial calculation. 



Formulas ( 17. 1.271 1 allow us to identify the mechanism of spinorial re- 
duction, or in other words the fixed point reduction, in the fermionic 
language. For a particular sector (Bpqrs) of the orbifold plane i there ex- 
ist two shift vectors (e2i-i, e2i) and the two z vectors (zi, ^2) that have no 
common elements with Bpqrs- Setting the relative projection coefficients 
( 17. 1.271 1 to -1 each of the above four vectors acts as a projector that cuts 
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the number of fixed points in the associated sector by a factor of two. 
Since four such projectors are available for each sector the number of 
fixed points can be reduced from 16 to 1 per plane. 



The projector action ( 17. 1.271 1 can be expanded and written in a simpler 
form 

(7.1.30) 



where 



Ad) 



A(2) 



A(3) 
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y(i) 
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(7.1.31a) 



^3) 
^3) 
^3) 
^3) 
(7.1.31b) 



(7.1.31c) 



(7.1.32) 



Note that we have fixed (a |1) = 1 = (a IS*). They form three systems 
of equations of the form A* = (one for each orbifold plane). Each 
system contains 4 unknowns pi,qi,ri,Si which correspond to the labels 
of surviving spinorials in the plane i. We call the set of solutions of each 
system Hj. The net number of families ( I7.1.29t can be written as 

3 

^^ = E E ^Srs- (7-1.33) 
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The chirahties ( I7.1.28I I can be further expanded in the exponential form 
defined in equation I l7.1.32t 

4?- = l + (^i|&2) + (l-r)(e5|6i) + (l-s)(e6|6i)+p(e3|62) 
+g(e4 \h2)+r (es I62) + s (ee 1^2 ) - r) (es jes) 

- s) (ea lee ) + g(l - r) (64 jes ) + g(l - s) (64 jee ) 

+ (r + s)(e5|e6) mod 2, (7.1.34a) 

xfls = l + (fei|&2) + (l-r)(e5|62) + (l-s)(e6|62)+p(ei|6i) 
+q (62 |6i ) + (65 |6i ) + s (ee |6i ) + p(l - r) (ei jes ) 

- r) (62 |e5 ) + p(l - s) (ei \e&) + q{l - s) (e2 jee ) 

+(r + s)(e5|e6) mod 2, (7.1.34b) 

xfls = l + (fei|&2) + (l-p)(ei|6i) + (l-g)(e2|6i) + (e5 + e6|6i) 
+ (1-0 (e3|62) + (l-s)(e4|62) 
+ (1 _ r){l-p) (63 |6i ) + (1 - r)(l - q) (63 [62) 
+ (1 - r) (63 |65 ) + (1 - r) (63 |66 ) + (1 - s) (64 |66 ) 
+ (1 - r) (63 \zi + Z2 ) + (1 - s) (64 ki + ^2) 
+ (6i|zi + 22) mod 2. (7.1.34c) 

We remark here that the projection coefficient c[^^] simply fixes the over- 
all chirality and that our equations depend only on 

[ci \ej ), [ei \bk), [ei |z„) , (2;„ ) , i = 1, . . . , 6, A: = 1, 2, n = 1,2(7.1.35) 

However, the following six parameters do not appear in the expressions 

(ei|e2), (63I64), (e3|6i), (e4|6i), (ei|fe2), (e2|62) and thus in a generic 
model the chiral content depends on 37 discrete parameters. 



7.2 The Simple 5V Free Fermionic Models 

The subclass of models under consideration is generated by a set of 10 
basis vectors. 

Vi = {vi,...,vio], (7.2.1) 

where 

V, = l = {V, ;,l.■■■.^yl.■■■.^^W|yW,^l,...,6^^1,2,^^ 

V2 = s = {^^x'■■■■'^}, 

V2+^ = e^ = {y\J\y\uj'], i = l,...,Q, (7.2.2) 

v, = h = {x'\x'\y'\y''\f\f\t3'-'}, 
vio = b2 = {x'',x''y',y'%'',y'',f,4^''-''}. 
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The vectors 1,5 generate a = 4 super symmetric model. The vec- 
tors ej, i = 1, . . . , 6 give rise to all possible symmetric shifts of inter- 
nal fermions {y'\uj''- ,y'^ ,u}^) while hi and 62 stand for the Z2 x Z2 orb- 
ifold twists. This is the most general basis, with symmetric shifts for 
the internal fermions, that is compatible with Kac-Moody level one 
50(10) gauge group. The associated projection coefficients are denoted 
by c[^'] , i, j = 1, . . . , 10 and can take the values ±1. They are related 

by modular invariance c[^'] = exp{i|fj • 'yj}c[^-^] and c[^^] = exp{i|?;j • 

Wj}c['j'] leaving 2"^^ independent coefficients. Out of them, the require- 
ment of = 1 super symmetric spectrum fixes (up to a phase conven- 
tion) all c\f^ A = 1, . . . , 10. Moreover, without loss of generality we can 
set c[J] = — 1, and leave the remaining 36 coefficients free. Therefore, a 
simple counting gives (that is approximately 10^*^^) distinct models 
in the subclass under consideration. 



7.2.1 The gauge group 

The gauge group in this subclass of models at the = 4 level is not 
enhanced. The group induced by the vectors {1, 5, e}, where e is defined 
as in equation ( 16. 1.211 1 is 



We find that no other sector induces gauge bosons and the gauge group 
cannot be enhanced. The internal gauge group 50(12) can be broken to 
its Cartan generators by means of a suitable choice of the GSO coeffi- 
cients induced by the i.e. the vectors Cj can break 50(12) U{\)^. 
The 50(32) is broken to 50(10) x U{lf x 50(18) by means of the vectors 
bi at the = 1 level. We do not get find enhancements in this subclass 
at the A^ = 1 level. 



7.2.2 Observable matter spectrum 

The untwisted sector is common to all models in this subclass. The 
differences between the models become apparent in the twisted sector. 
Therefore, we focus on the twisted sector. 

The sectors that give rise to massless chiral matter are 



G = 50(12) X 50(32). 



(7.2.3) 




5 + 61 + p 63 + g 64 + r 65 + s 66, 
5 + 62 + P ei + g 62 + r 65 + s 66- 



(7.2.4a) 
(7.2.4b) 
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These give 16 different sectors on each of the first two orbifold planes. 
The upper index i represents the plane and the lower index p, q,r,s = 
{0, 1} represents the sector on the plane i. 

Due to the GSO projections we can derive the projectors for the different 
sectors as a function of the GSO coefficients. They are 



p(i) 

pgrs 



pqrs 



in 

i=i,: 



1 



i=3,4 



B. 



ei 
(1) 

pqrs. 

ei 
(1) 

'pqrs. 



(7.2.5a) 
(7.2.5b) 



where Ppqrs is a projector that takes values {0, 1}. The chirality of the 



surviving spinorials is given by 



^^pqrs 



h + (1 - r)e5 + (1 - s)ee 



X(2) 
^^pqrs 



^(1) 
J-'pqrs 

hi + (1 - r)e3 + (1 - s)e4 



(2) 
pqrs 



(7.2.6a) 
(7.2.6b) 

where X^^^^ = + corresponds to a 16 of 50(10) and X^^^.^ = — corre- 
sponds to a 16 and we have chosen the space-time chirality C{ip^) = +1. 
The net number of spinorials and thus the net number of families is 
given by 

2 1 

Np ^ ^ ^ ^ Xpqj.gPpqj,g- (7.2.7) 
i=l p,q,r, s=0 



Similar formulas can be easily derived for the number of vectorials and 
the number of singlets and can be extended to the U{1) charges but in 
this work we restrict to the spinorial calculation. 

Formulas ( I7.2.5I I allow us to identify the mechanism of spinorial reduc- 
tion, or in other words the fixed point reduction, in the fermionic lan- 

(i) 

guage. For a particular sector (Bpqrs) of the orbifold plane i there exist 
two shift vectors (e2i-i,e2j). Setting the relative projection coefficients 
( I7.2.5tt to -1 each of the above two vectors acts as a projector that cuts 
the number of fixed points in the associated sector by a factor of two. 
Since two such projectors are available for each sector the number of 
fixed points can be reduced from 16 to 4 per plane. 

Note that contrary to section 17.11 it is of no use to put these formulas 
in a simpler form using the matrix formulation developed therein. The 
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reason being that in these cases we have two projectors for the simple 

SO{S) models, while we still have 2^ different sectors on each plane. We 
are therefore always left with two free coefficients. This is the exact 
origin of the fact that in these models we cannot reduce the number of 
generations down to one per plane. 

We remark here that the projection coefficient c [^^] simply fixes the over- 
all chirality and that our equations depend only on 

{ei\ej) , {ei\bA) . (7.2.8) 

7.3 The Extended S'^V Free Fermionic Models 



The S'^V SO (8) subclass of models is generated by a set of 11 basis vec- 
tors. 

Vi = {vi,...,vu}, (7.3.1) 

where 

vi = i = {r, x'•■•••^y^■•••'^a;l'■•••%^'■••'^cD^'•••'^r?^'2'^v^l'■••'^^l'••■'8}, 
V2 = s = {v^x''•■■''}, 

V2+i = ei = {y\uj'-\y\Lv''}, i = l,...,6, 

V9 = h = {x^\x'^y^\y'''\f\f^n\i^'-'}, (7.3.2) 

The remaining fermions not affected by the action of the previous vec- 
tors are fi'^,(p\i = 1, . . . , 8 which normally give rise to the hidden sector 
gauge group. The vector Z2 divide these nine fermions in two sets, one 
giving rise to the additional 50(10) and the other giving rise to a hidden 

SO{8). 

The associated projection coefficients are denoted hj c\l'],i,j = 1, . . . , 11 
and can take the values ±1. Due to modular invariance they give rise 
to 2^^ independent coefficients. Out of them, the requirement of = 1 
super symmetric spectrum fixes (up to a phase convention) all c[^] , i = 

1, . . . , 11. Moreover, without loss of generality we can set c[\] = — 1, and 
leave the remaining 45 coefficients free. Therefore, a simple counting 
gives 2"^^ (that is approximately 10^^-^) distinct models in the class under 
consideration. 
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4;j 


Group G 


-1 


50(20) 


X 50(24) 


1 


50(12) 


X 50(32) 



Table 7.3.1: The configuration of the gauge group of the = 4 theory. 
We have separated a priori the internal gauge group using the vectors 
e and Z2- Introducing the other vectors Cj and hi only induce breaking of 
these groups. 

In the following we study this class of models by deriving analytic for- 
mulas for the gauge group and the spectrum and then using these for- 
mulas for the classification. It is easy to see that the third twisted plane 
has massless states since 63 = 6i + 62 gives rise to vectorial representa- 
tions of the observable 50(10). 



7.3.1 The gauge group 

The gauge group in this subclass of models at the = 4 level, induced 
by the vectors {1, 5, e, 2:2} without enhancements is 

G = 50(12) X 50(24) x 50(8). (7.3.3) 

Enhancements can occur due to the Z2 sector. Both the S0(12) and the 
SO(24) can be enhanced by a suitable choice of the GSO coefficient c[^^^] . 
The enhancements are listed in table 17. 3711 

The internal gauge group 50( 12) can be reduced to its Cartan genera- 
tors U{lf. The 50(24) is broken to 50(10)^ x U{lf. We therefore find 
the gauge group at the N = \ level 

50(10) X U{lf X 50(10) X 50(8). (7.3.4) 

In this subclass we always get enhancement. We have argued that the 
hidden sector gets enhanced when c[^^^] = 1. This is the configuration 
where the internal sector is completely separated from the gauge sector. 
At the iV = 1 level we can get enhancement of 50(8) x U{1) 50(10). 
We discuss this case in more detail below. In a similar fashion we can 
get enhancement of 50(8) x 50(10) ^ 50( 18). Matter states under this 
enhanced gauge group are not realised. The enhancement in the adjoint 
representation is only found when — c[^^] = — c[^^] = c[^^] = c[^^] = 1. 
This enhancement is only realised at the = 1 level as is explained in 
section l9Al 
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7.3.2 Observable matter spectrum 



The untwisted sector is common to all models in this subclass. The 
differences between the models become apparent in the twisted sector. 
Therefore, we focus on the twisted sector. 

The sectors that give rise to massless chiral states are split up into 
two types. The first type gives spinorial representations of the first 
50(10) and the second type gives spinorial representations of the sec- 
ond 50(10). Due to the sector Z2 we can get enhancement of the 50(8) x 
U{1) 50(10). This sector can give rise to spinorial representations as 
well and we label this as the type 3 spinorials. The sectors that give 
chiral matter of the first type are 

^pqrs = S + bi + p 33 + q 34 + r 35 + s ee, (7.3.5a) 

Bpqrs = S +b2+pei+qe2+r 35 + S 66, (7.3.5b) 

and the sectors giving chiral matter of the second type are 

^pqL = S + bi + X + p 33 + q 34 + r 65 + s 66, (7.3.6a) 

B^frs = S + b2+X+p3i+q32+r65 + S66, (7.3.6b) 



= l + S + ^ei + Z2. (7.3.7) 



where 

6 

X 

1=1 

These give 16 different sectors on the first two orbifold planes for each 
type. The upper index i represents the plane and the lower index p, q,- 
r,s = {0, 1} represents the sector on the plane i. The sectors giving rise 
to chiral states of the second type are represented by B. 

The spinorial 50(8) x U{1) 50(10) enhancement can occur in this 
subclass of models due to the sectors 

= S + bi+b2 + Z2+p3i+q32+r33 + S34 (7.3.8) 

and the sector 

^p$s = S + bi + b2+P 61+ q 62+ r 63 + 3 64. (7.3.9) 

Vectorials of the 50(8) are only realised when c[^^] = —1. The sec- 

tor Vpqrs then gives rise to the 8^ and the sector Bpqi-s gives 8^ to com- 
plete the 16 or 16, depending on the GSO coefficients. In order to find 
the chirality of the spinorial representation of 50(10) we look at which 
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U{1) c 50(10) X [7(1)2 X 50(10) x50(8) is used. We therefore focus on the 
vectorial bilinear realisation of the enhancement. This enhancement is 
realised by the NS sector and the Z2 sector giving 45 = 28 + 1 + 8+ + 8~ . 

When -c[a = = eg] = c[-] = 1 the state 

<,2 [^''•••''] |0 > (7.3.10) 

survives and the enhancement is realised with the U(l) induced by f]^. 
When = -c[a = c[-] = eg] = 1 the state 

<2 [^s--'^] |0 > (7.3.11) 

survives and the enhancement is realised with the U(l) induced by ff. 
Depending now on the charge of state under the correct U{1) we get 
either a 16 or 16 of the 50(10) by 16 = 8^(1) + 8^(-l) or 16 = ^s{-'^) + 
8^(1). We have therefore listed the sign of the U{1) charge of the correct 
state to describe the chirality of the type three 50(10). Note that this 
50(10) is realised on the third plane. 

Since the enhancement is only present when c[^^] = —1, we can conclude 
that the enhancement only takes place at the N = 1 level of the model. 
Models that are liftable to an = 4 theory therefore do not exhibit 
this type of enhancement. For completeness we do give our results for 
the spinorial representations of the third 50(10), that is found on the 
third plane. When enhancement does not occur we do find spinorial 
representations of a 50(8) gauge group. The chirality of these spinors is 
determined by c [ Jl) ] . Again only two projectors can be realised leading 

to a reduction of the number of generations under the 50(8) of 16 — > 4. 
Since we focus in this classification on the generations of an observable 
50(10) we do not consider these states here. 



Due to the GSO projections we can derive the projectors for the different 
sectors as a function of the GSO coefficients. They are for the first type 



p(i) 

pqrs 



p(2) 
pqrs 



1 



n 1 



1=1,2 



n 1 



i=3,4 



and for the second type 

1 



p(i) 

pqrs 



pqrs 



n ' 

1=1,2 ^ 



i=3,4 



(1) 

pqrs, 

ei 
^(i) 



B 



(1) 

'pqrs. 
^(2) 



Z2 

(1) 
pqrs 



Z2 
p(2) 



B. 



B; 



Z2 

(1) 
pqrs. 

Z2 
(2) 

pqrs. 



(7.3.12a) 
(7.3.12b) 

(7.3.13a) 
(7.3.13b) 
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and for the third type 



p(3) 
pqrs 



in 



=5,6 



B. 



(3) 

pqrs. 



(7.3.14) 



Again we have represented the projectors for the second type as P. Pp%s, 
or Ppqrs for the second type chiral states, is a projector that takes values 
{0, 1}. The chirahty of the surviving spinorials of the first type is given 
by 



pqrs 



X(2) 
pqrs 



h2 + (1 - r)e5 + (1 - s)eQ 

^(1) 

J->pqrs 

bi + (1 - r)es + (1 - s)e4 



(2) 
pqrs 



while for the second type they are 



XW 

pqrs 



xm 

pqrs 



&2 + 63 + 64 + r 65 + S 

^(1) 
-'-'pqrs 

'bi + ei + 62 + r 65 + s ee 



B 



(2) 
pqrs 



and for the third type they are when — c[^^] = c[^^] 



=c 

pqrs 



(1 - r)63 + (1 - .s)e4 + bi 



B 



(3) 
pqrs 



and when c[^^] 



-43 = 1 



=c 

pqrs ^ 



(1 -p)ei + (1 - g)e2 + 62 



(3) 
pqrs 



(7.3.15a) 
(7.3.15b) 

(7.3.16a) 
(7.3.16b) 



(7.3.17a) 



(7.3.17b) 



1 (Xpg^g = +1) corresponds to a 16 of the first (second) 



-1) corresponds to a 16 and we have 



where X;^^, = 

50(10) and Xp^^^ - . v^^p^^s 
chosen the space-time chirality C{ip^) = +1. The net number of spinori- 
als of the first type and therefore the net number of families is given by 



iVF = V V x« p^' 

r / ^ / J ^'■pqrs pq 
1=1 p,q,r,s=0 

while for the second type 

2 1 

Nf = Y^ V x« p( 

^ / y / > ^'■pqrs p' 
1=1 p,q,r,s=0 



pqrsi 



i) 
pqrsi 



(7.3.18) 



(7.3.19) 
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and for the third type 

1 

Nf= ^SrsP^rs- (7.3.20) 

p,q,r,s=0 

Similar formulas can be easily derived for the number of vectorials and 
the number of singlets and can be extended to the U{1) charges but in 
this work we restrict to the spinorial calculation. 

Formulas ( 17.3. 12t - ( 17.3. 131 1 allow us to identify the mechanism of spino- 
rial reduction, or in other words the fixed point reduction, in the fermionic 
language. For a particular sector (Bpqrs) of the orbifold plane i there ex- 
ist two shift vectors (e2i-i,e2i) and one z vector Z2. Setting the relative 
projection coefficients ( 17.3. 12t - ( 17.3. 131 1 to -1 each of the above three 
vectors acts as a projector that cuts the number of fixed points in the as- 
sociated sector by a factor of two. Since three such projectors are avail- 
able for each sector the number of fixed points can be reduced from 16 to 
2 per plane. This argumentation holds for the spinorial representations 
of both the S(9(10)'s. 

Note that contrary to section 17.11 it is of no use to put these formulas 
in a simpler form using the matrix formulation developed therein. The 
reason being that in these cases we have three projectors for the ex- 
tended 50(8) models, while we still have 2^ different sectors on each 
plane. We are therefore always left with one free coefficients. This is 
the exact origin of the fact that in these models we cannot reduce the 
number of generations down to one per plane. 

We remark here that the projection coefficient c[^j] simply fixes the over- 
all chirality and that our equations depend only on 

(cj \ej) , [ei |6a) , (e^ \z2) , (^2 I^a) , i = 1, • • • ,6, A = 1,2. (7.3.21) 



7.4 The SV'^ and Free Fermionic Models 

In this section we discuss the remaining models. We start by describing 
the SV"^ models and continue with the V'^ models. We show that these 
models do not give rise to phenomenologically interesting models. As a 
result we do not derive the projectors and chirality operators of these 
models as we have done in sections mi 17 .21 and 17 . 31 
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Again we start from the = 4 partition function written down in equa- 
tion ( I6.1.5I I. Reducing the number of super symmetries from = 4 to 
= 1 is reahsed using a x Z2 twist. This is the origin of the four 
different subclasses of models. 

Below we show that the SV'^ and subclasses do not contain realistic 
models. 



7.4.1 The SV"^ free fermionic models 

Intuitively one may think that the models are realised using the 
two twisting vectors hi and 62 in the fermionic construction. 

^'i = (7.4.1) 

h2 = {x''\x'^y''\y'^'\y''\f'\n\f}- (7.4.2) 

Indeed we find that this gives spinorial representations on the first 
twisted plane and vectorial representations on the second plane. The 
third plane, however, gives rise to spinorial representations as well. In 
defining the second twisting vector as equation ( 17. 4. 21 1. we have merely 
redefined the S'^V models. 

Let us therefore consider all possible options. We fix the basis vector bi 
and consider different configurations of the vector 62. We can relax the 
constraint of vectorial representations on the second and third plane. 
We require only that there are no spinorials on the second and third 
plane of the observable 50(10). This leads to four possible 62 vectors. 
Due to modular invariance we can either choose 8 real fermions or 16 
real fermions on the right moving side. Choosing the latter gives us 
three options. In the latter case we can either choose, due to modular 
invariance, that the overlap of the fermions of the hi and 62 vector on 
the right moving side are 4, 8 or 12 real fermions. We have labeled the 
different options in table l7.4l1 

We now discuss the different options in more detail. 

A One possible vector to describe this subclass of models defined in 
table l7.4Jl is given by 

h2 = {x^'' x''' y''' y"'' I f'^ f'' f^'-'}. (7.4.3) 

At the level of the 10 basis vectors {1, 5, 61 , 62, ei} it is easy to show 
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Subclass 


# right-moving 


# overlapping 




real fermions 


real fermions 


A 


16 


4 


B 


16 


8 


C 


16 


12 


D 


8 


4 



Table 7.4.1: The a priori different possible options for the realisation of 
the SV^ models. 

that the gauge group induced by the gauge fermions is 

G = 50(10)3 X C/(l). (7.4.4) 

One 5*0(10) gauge group is realised on each of the three planes. On 
the first two planes there are spinorial representations of their re- 
spective 50(10) gauge group. At this level we can only realise two 
projector operators which leads to a total reduction of the number 
of generations to 4 on each of the two planes. Adding Z2 as de- 
fined in equation ( I7.3.2tt we obtain the gauge group described in 
equation ( 17. 3. 41 1. It is easy to see that this addition of the vector 
Z2 realises an equivalent description of the extended S'^V models. 
We therefore conclude that adding zi results in the 5^ models. The 
only models relevant for this subclass are those that do not have 
a separated 50(8) gauge group and we have seen that this model 
can only realise 4, 8, 16 generations on each plane of their respec- 
tive 50(10) gauge groups. 

B One possible vector to describe this subclass of models defined in 
table l7.4Jl is given by 

h2 = {x^'^ x"'' y''' y''' I y''' y"'' ^'^'^^'^'^'}. (7.4.5) 

At the level of the 10 vectors {1, 5, 6i, 62, it is easy to show that 
the gauge group induced by the gauge fermions is 

G = 50(6)3 ^ 50(14). (7.4.6) 

We are not able to generate an 50(10) unification group in this 
subclass of models. Adding Z2 breaks 50( 14) ^ 50(8) x 50(6) 
but allows for enhancements to appear. However enhancements 
to an 50(10) gauge group are never realised. We can now add the 
alternative vector zi 

~zi = {t^4>^'^}. (7.4.7) 
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This breaks 50(6) x SO{Q) SU{2) x SU{2) x U{1) x SU{2) x 
SU{2) X The addition of this last vector does not reaHse an 

enhancement to an observable SO{W). 

C One possible vector to describe this subclass of models defined in 
table l7.4Jl is given by 

62 = ix''' x''' y''' y''' I y''' y''' f ^''■■■''}. (7.4.8) 

This vector is identical to equation ( 16. 1.171 1. We have therefore 
found either the or the S'^V subclass of models. 

D One possible vector to describe this subclass of models defined in 
table l7.4Al is given by 

b2 = {x''' x''' y''' I y''' y''' f}- (7.4.9) 

This vector is identical to equation I l7.4.2tt . We have therefore 
found the S'^V subclass of models. 

We have shown that in this subclass of models we are not able to gen- 
erate phenomenologically interesting models. The reasons are that in 
case A we are either not able to reduce the number of generations of one 
50 (10) gauge group both to 3 or 6 or we have realised a redefinition of 
the extended S'^V models. In case B a 50(10) unification gauge group 
is not realised. In case C and D the S'^V models were again realised. 



7.4.2 The V'^ free fermionic models 

In this section we describe the models. We show that when an ob- 
servable SO (10) is realised the subclass reduces to the S'^ subclass 
of models. 

The models are initially realised using the two twisting vectors bi 
and 62 defined as 

h = {x'^\x''',y'^\y'''\f'\f^f,f}, (7.4.10) 
b2 = {x''^x''',y''',y'''\y''',f'\v\f}. (7.4.11) 

In this notation vectorial representations are realised on all the three 
planes where the vectorials of the third plane are realised by means of 
the vector 63 = 61 + 62- However as soon as we separate out 50(8) gauge 
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groups from the hidden sector we automatically generate spinorial rep- 
resentations of a SO{S), or even a 50(10), gauge group. To see this we 
isolate one block of theta functions by means of 

Z2 = {<^^'-'^}. (7.4.12) 

Adding this basis vector gives rise to new massless states of the form 

hi + z2 = {x^'\ x''^ y'-', y''' y''', (7.4.13) 

giving spinorial representations of the 5*0(8) formed by 0^ The 
gauge group of this set of basis vectors is a priori SU (2) x SU{2) x 
50(28) U{lY X 50(26). Separating the theta block we break a priori 
the group further to U{lf x 50(26) ^ U{lf x 50(18) x 50(8). At this 
level the 50(10) unification group can not be realised. 

However, the additional sectors induced by the Z2 vector can enhance 
50(8) X U{1) 50(10). This depends on the GSO coefficients of the 
specific model. If the enhancement is realised the GSO coefficients are 
c[^^] = c[^^] = - 1 necessarily. This however removes the vectorial states 
induced by the sectors bi and 62- We have then effectively realised the 
S'^V models which are discussed in detail in sections [7]2l and IZiSl 



To break 50(18) ^ 50(10) x 50(8) we can separate another 50(8) 

gauge group. This separation gives us a redefinition of the models. 
To show that we define 

zi = {(^i'-'^}. (7.4.14) 
The spinors on the three planes are then realised as 

Blpinor = bi+x, (7.4.15) 

B spinor = h + x, (7.4.16) 

B^pinor = bi + b2 + X, (7.4.17) 



2 



where 

6 

x = 1 + 5 + J]ei + ^zfc. (7.4.18) 

i=l k=l 

These models are analysed in detail in I30L I29II . The only difference is 
that the generalised GSO coefficients are redefined in this subclass of 
models. 

We have therefore shown that the SV"^ and subclasses either do not 
contain realistic models or reduce to the or S'^V models. Because of 
this we do not give the partition functions for the SV"^ and V'^ models 
and do not give the chiral and projector operators. These models are 
also not included in chapter |8l 



102 



Part III 

Results and Conclusions 



103 



Chapter 8 



Some Sample Z2 x Z2 
Orbifold Models 



In this chapter we give some examples of models in the subclasses 5^ 
and S'^V that exhibit some interesting features. We focus on these sub- 
classes of models because only these are interesting for phenomenology 
as explained in chapter [7l We describe their chiral content and their 
gauge group. 

8.1 Three Models 

We apply here the formalism developed in chapter [T] in order to derive 
sample models in the free fermionic formulation. 

The ^2 X 1,2 symmetric orbifold 

The simplest example is the symmetric Z2 x Z2 orbifold. Here we set all 
the free GSO phases ( I7.1.35tt to zero. The full GSO phase matrix takes 
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the form (c[^'] = exp[i7r{vi\vj)]) with 
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(8.1.1) 



This model is equivalent to the model where A^*) = W^'^^ = in equation 
( 17. 1.301 1. All projectors become inactive and thus the number of surviv- 
ing twisted sector spinorials takes its maximum value which is 48 with 
all chiralities positive according to equations ( I7.1.34tt . Moreover three 
spinorials and three anti-spinorials arise from the untwisted sector. Fol- 
lowing ( I7.1.8tt . ( 17. 1.91 1 the gauge group enhances to Ee x x Eg and 
the spinorials of S'0( 10) combine with vectorials and singlets to produce 
48+3=51 famihes (27) and 3 anti-famihes (27) of Ee. 

A three generation Ee model 

We can obtain a three family Ee model by choosing the following set of 
projection coefficients 
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(8.1.2) 



The full gauge group is Ee x U{lf x SO{sf. Three families (27), one 
from each plane, arise from the sectors S + hi + {x),i = 1,2, 3. Another 
set of three families and three anti-families arise from the untwisted 
sector. The hidden sector consists of nine 8-plets under each S'0(8). In 
addition there exist a number of non-Abelian gauge group singlets. The 
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model could be phenomenologically acceptable provided one finds a way 
of breaking Eg. Since it is not possible to generate the Eg adjoint (not in 
Kac-Moody level one), we need to realize the breaking by an additional 
Wilson-line like vector. However, a detailed investigation of acceptable 
basis vectors, shows that the Eg breaking is accompanied by truncation 
of the fermion families. Thus this kind of perturbative Eg breaking is 
not compatible with the presence of three generations. 

A six generation Eg model 

Similarly a six family Eg x x Eg model can be obtained using the 

following projection coefficients 
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(8.1.3) 



In this model we have six families from the twisted sector, two from 
each plane together with three families and three anti-families from 
the untwisted sector, accompanied by a number of singlets and 8-plets 
of both hidden 50(8)'s. 



8.2 Two Simple S^V Models 

In this subclass of models we present an example of a model with 32 
generations coming from the twisted sector, 16 coming from the first 
two planes. The second example is a model with 8 generations coming 
from the twisted sector, 4 coming from each of the first two planes. 

The 1j2 X ^2 symmetric orbifold 

The simplest exampl e is th e symmetric Z2 x orbifold. Here we set all 
the free GSO phases ( I7.2.8tt to zero. This gives a model of 32 generations 
where 16 are coming from each of the first two planes. The full GSO 
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phase matrix takes the form (c["'] = ex.Y)[m{vi\vj)\) 
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An eight generation 5*0(10) model 

We can obtain an eight generation 50(10) model, four coming from each 
of the first two planes, by choosing the following set of projection coeffi- 
cients 
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(8.2.2) 



8.3 Three Extended S'^V Models 



In this subclass of models we present a model with 32 positively chiral 
spinors of the first SO(IO), 16 coming from the first two planes and 32 
negatively chiral spinors of the second 5*0(10), again 16 coming from the 
first two planes. Secondly we present a model that has four generations 
only of the first 5*0(10), 2 coming from each of the first two planes and 
zero net generations of the second 5*0(10), 2 positive chiral from the first 
and 2 negative chiral from the second plane. 

The %2 X ^2 symmetric orhifold 
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The simplest example is the symmetric Z2 x orbifold. Here we set all 
the free GSO phases ( I7.3.2H to zero. The full GSO phase matrix takes 
the form (c[^'] = exp[i7r(wj|wj)]) 
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In this model we find 32 generations of the observable 50(10), 16 coming 
from each of the first two planes, and 32 anti-generations of the hidden 
50(10), 16 coming from each of the first two planes. 

A four generation 50(10) model 

We can obtain a four generation 50(10) model by choosing the following 
set of projection coefficients 
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In this model we find two generations of the observable 50(10) com- 
ing from each of the first two planes and two generations of the hidden 
50(10) coming from the first plane and two anti-generations of the hid- 
den 50(10) coming from the second plane. This model is completely 
determined at the = 4 level. For more details on this property we 
refer to section 19.11 Therefore we do not find an enhancement of the 
50(8) X U{1) ^ 50(10) and the 50(8) remains completely separate as 
explained in section [7.3 .11 
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A six generation S'O(IO) model 

We can obtain a six generation 50 (10) model by choosing the following 
set of projection coefficients 



{V^\VJ) = 





1 
i 


Q 
D 


61 


62 


63 


64 


65 


66 


bi 


L 

02 


Z2 


1 
i 


/ 1 


1 
i 


1 
i 


1 
i 


1 
i 


1 
i 


1 
i 


1 
i 


1 
i 


1 
i 


1 \ 


s 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


1 


ei 


1 


1 


























1 


62 


1 


1 








1 








1 











63 


1 


1 





1 











1 








1 


64 


1 


1 














1 


1 











65 


1 


1 











1 





1 








1 


66 


1 


1 





1 


1 


1 


1 














&1 


1 
































&2 


1 


























1 





2:2 




1 


























1/ 



In this model we find four generations of the observable 50(10) on the 
first plane and two generations of the observable 50(10) on the sec- 
ond plane. We find one generation of the hidden 50(10) and one anti- 
generation of the hidden 50(10) on the first plane. This model is com- 
pletely determined at the = 4 level. For more details on this property 
we refer to section 19.11 Therefore, we do not find spinorials of the third 
hidden 50(10) on the third plane as explained in section 17.3. 11 
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Chapter 9 



General Results 



In this chapter we give the general results of the classification. We 
show how this description uncovers a subset of models that have a well 
defined = 4 origin. We also highlight the mechanism that realises 
three generations. We discuss the method we have employed in the 
classification. We end this section with an overview of the characteris- 
tics of realistic models or semi-realistic models in the chiral %2 x ^2 free 
fermionic models with symmetric shifts. 



9.1 iV = 4 Liftable Vacua 



In the models considered in sections l8Al 18. 21 and l8. 31 we have managed 
to separate the orbifold twist action (represented here by 6i, 62) from the 
shifts (represented by Cj) and the Wilson lines {z\,z2). However, these 
actions are further correlated through the GSO projection coefficients 
c[^']. Nevertheless, we remark that the twist action can be decoupled 
from the other two in the case 









bm 


c 




= c 













+1 , i = 1, . . . , 6, k = l,2, m,n = l,2,3 



(9.1.1) 



for the models. The twist action can be decoupled from the other two 
actions in the case 



Si 



+1 , i = 1, . . . , 6, k = 1,2, m,n = l,2,3 



(9.1.2a) 
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for the simple S'^V models or 

+1 ,i = 1,..., 6, m,n = 1,2,3 (9.1.2b) 



bn 




bm 




= C 




.^2. 







for the extended S'^V models. The above relation defines a subclass 
of = 1 four dimensional vacua with interesting phenomenological 
properties and includes three generation models in the subclass of 
models. Due to the decoupling of the orbifold twist action these vacua 
are direct descendants of = 4 vacua so we refer to these models as 
= 4 lift-able models. In this subclass of models some important phe- 
nomenological properties of the vacuum, as the number of generations, 
are predetermined at the A^ = 4 level as it is related to the (cj \ej ) and 
{zi \ ej ) phases in the subclass of models. In the S'^V subclass of mod- 
els they are related to the (cj \ej ) and also, in the case where we have 
introduced the Z2 vector, the (z2 \ej ) phases. The orbifold action reduces 
the super symmetries and the gauge group and makes chirality appar- 
ent, however the number of generations is selected by the A^ = 4 vacuum 
structure. At the A^ = 1 level this is understood as follows: the Z2 x Z2 
orbifold has 48 fix points in the subclass and 32 fix points in the S'^V 
subclass of models. Switching on some of the above phase correspond to 
a free action that removes some of the fixed points and thus reduces the 
number of spinorials. Moreover, in the S'^ subclass of models, the chi- 
rality of the surviving spinorials is again related as seen by equations 
( 17. 1.341 1 to the (cj \ej ) and (cj \ zk) coefficients, which are all fixed at the 
A^ = 4 level. The observable gauge group of liftable models is always Ee 
and this can be easily seen by applying ( 19.1. Il l to ( 17.1. 81 1 and ( 17.1.91 1. In 
the S'^V subclass of models the chirality of the surviving spinorials is 
related as seen by ( I7.2.6tt and ( 17.3. 15tt - ( 17.3. 16I 1 to the (cj \ ej ) and (cj \ zk ) 
coefficients, which are all fixed at the A^ = 4 level. 



Typical examples of liftable vacua in the subclass of models are the 
three and six generation Eg x U{1)'^ x S0{8)'^ models presented in section 
18.11 A careful counting, taking into account some symmetries among the 
coefficients, shows that this class of models consists of 2^*^ models, or 2^^ 
if we include (61 \b2)- Typical examples of liftable vacua in the simple 
and extended S'^V models are presented in equation ( I8.2.2tt and ( 18. 3. 2D 
respectively. A careful counting, taking into account some symmetries 
among the coefficients, shows that the simple S'^V class consists of 2^*^ 
models, or 2^^ if we include (61 162 )• The extended S'^V class consists of 
2^^ models, or 2^^ if we include (61 I62). All these vacua are interesting 
because they have a clear geometrical interpretation. 

From the orbifold description we learn that all breakings of the hidden 
and observable gauge group are induced using Wilson lines. From the 
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4D point of view the internal gauge group is broken in a similar fash- 
ion using Wilson lines. The twisted planes in equation i6.2.7i describe 
the removal of the free moduli using twists. When a group is broken 
using Wilson lines the field corresponding to this Wilson line obtains a 
nonzero VEV. The fixing of the moduli using twists can be interpreted 
as the removal of the quantum fluctuations of the fields identified with 
the Wilson lines. These Wilson lines become discrete Wilson lines and 
the VEV becomes a fixed value. 

In the extended S^V models we find that enhancement of 50(8) 'xU{l) 
50(10) is possible only at the = 1 level as is explained in section 
17.3.11 The models that exhibit this type of enhancement are therefore 
not liftable to a = 4 theory. 



9.2 The Method of Classification 

As we discussed in chapter [71 and IH the free GSO phases of the = 1 
partition function control the number of chiral generations in a given 
model. In chapter [71 we have given analytic formulas that enable the 
calculation of the number of generations for any given set of phases. 
To gain an insight into the structure of this class of vacua we can pro- 
ceed with a computer evaluation of these formulas and thus classify the 
space of these vacua with respect to the number of generations. This 
also allows detailed examination of the structure of these vacua and in 
particular how the generations are distributed among the three orbifold 
planes. The main obstacle to this approach is the huge number of vacua 
under consideration. As a first step in this direction, we restrict to the 
class of liftable vacua that is physically appealing and contains repre- 
sentative models with the right number of generations. As stated in 
section [Ql the liftable subclass consists in principle of 2^^ models or 
less in the S'^V subclass of models. Their complete classification takes 
a few minutes on a personal computer using an appropriate computer 
program. The program is written in FORTRAN and goes over all GSO 
coefficients. It takes into account the constraints that are required for 
liftablility. For each configuration of GSO coefficients it uses equation 
( 17. 1.291 1 for the models, equation I l7.2.7t for the simple S'^V models 
and equations ( 17.3. 18t and ( 17.3. 19l l for the extended S^V models to cal- 
culate the number of generations. The program gives for each plane the 
total number of generations and the total number of anti-generations. 
If this model has been found already by permuting the three twisted 
planes the model is dropped from the end result while if it is a new 
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model, this model is recorded. At the end we have acquired a complete 
list of all models that are physically inequivalent. We have required in 
the program that the models exhibit = 1 supersymmetry. 

We have first analysed the subclass of models. The different configu- 
rations are used to calculate the number of generations using formulae 
( 17. 1.271 1 - il. 1.291 . For the analysis of the gauge group we use formulae 
(TTTSt - (17.1. in . The results are presented in Tables IbTi1 - IB.1.4I In 
these tables we list the number of generations coming from the twisted 
sectors. They are listed per plane. The number of positive chiral gen- 
erations is separated from the number of negative chiral generations 
on each plane. The total number is then listed before listing the total 
net number of generations. As the sign of the chirality is determined 
by the coefficient (6i I62), as is clear from equations ( 17.1.341 1. we have 
listed models that have a positive net number of generations. In order 
to maintain a complete separation of the hidden gauge group we have 
set {zi 1^2 ) = 1. The tables are ordered by the total net number of chiral 
states. 

We find that there are no liftable models with a 50 (10) observable gauge 
group, which is always extended to Ee, and the states from the vector x 
are not projected out. Since the models admit a geometrical interpreta- 
tion, it means that they must descend from the ten dimensional Eg x Eg 
heterotic-string on x Z2 Calabi-Yau threefold. 

In a small number of all the models the hidden gauge group is enhanced 
to SO (8) X 50 (8) ^ 50 (16). We find that a fraction of the liftable models 
are enhanced to SO {8) x SO (8) Eg. We find that the 24 generations 
NAHE model as explained in section l5^ is present in table IB. Lll 

Since the total number of different models is relatively small in the S'^V 
subclass of models we can do a complete classification of these models. 
The results of the classification of the simple S'^V models are listed in 
table IB.2TTI The models listed in chapter |8l are liftable. We have listed 
these models due to their clear = 4 origin. Since the extended S^V 
subclass of models do not give phenomenologically interesting models 
we have not listed the physically different models we find in this sub- 
class. We do find however that we cannot reduce the number of families 
down to 3, i.e. 2 on one plane and 1 on the second plane. We are able to 
reduce the number of generations down to 4, or two on each plane, but at 
the cost of introducing another 50(10) gauge group with spinorials on 
the first two planes. In the subclass of liftable extended S'^V models we 
find that it is not possible to have only spinorial representations of the 
first 50(10) in the massless spectrum. An example of the models which 
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Manifold 

have net zero generations from the second 50(10) is given in equation 
d8X2b . 



9.3 Reduction of Generations and the Internal 
Manifold 

In chapter m we discussed a direct translation between the bosonic for- 
mulation and the fermionic formulation of the heterotic string compact- 
ifications. %2 x ^2 orbifold compactifications are relevant for this thesis. 
These orbifolds contain three twisted sectors, or three twisted planes. A 
priori we may have the possibility that all three twisted planes produce 
spinorial 50(10) representations. We refer to this subclass of models 
as 5^ models. The alternatives are models in which spinorial repre- 
sentations may be obtained from only two, one, or none of the twisted 
planes, and the others produce vectorial representations. We refer to 
these cases as S'^V , SV"^ and V'^ models, respectively. The nahe set is 
an element of the subclass of the chiral %2 x ^2 models. The 5^ sub- 
class allows, depending on the one-loop GSO projection coefficients, the 
possibility of spinorials on each plane. In specific models in this sub- 
class each Standard Model family is obtained from a distinct orbifold 
plane. Such models therefore produce three generation models and may 
be phenomenologically interesting. The only other phenomenologically 
viable option can intuitively come from the subclass S'^V models as this 
class of models may intuitively contain a model with for example 2 gen- 
erations coming from the first plane and 1 generation coming from the 
second plane and none from the third. However, we find that the S'^V 
subclass of models do not give phenomenologically interesting models 
as is seen in chapter [71 and HI The SV'^ class of models cannot produce a 
physical model because it is not possible to reduce the number of fami- 
lies to 3 as they would have to be coming from one plane and 3 cannot 
be written as a power of 2. Similarly the subclass of models will not 
contain phenomenologically interesting models. 

Since the projectors are constructed using the complete separation of 
the internal manifold we see that three generation models are only pos- 
sible when 

r6,6 = A,2 r^i- (9.3.1) 

These Fi 1 internal parts do not describe a complex manifold. They de- 
scribe internal real circles. If we use solely complex manifolds, of the 
type r6,6 = 2j and using only symmetric shifts, we find that there are 
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no 3 generation models. We therefore conclude that the net number of 
generations can never be equal to three in the framework of Z2 x %2 
Calabi-Yau compactifications. This implies the necessity of non zero 
torsion in CY Z2 x Z2 compactifications in order to obtain semi-realistic 
three generation models. This is one of the main results of the anal- 
ysis and it reveals, at least in the context of the three generation free 
fermionic models, that the geometrical structures that underly these 
models may not be simple Calabi-Yau manifolds, but it corresponds to 
geometries that are yet to be defined. 

In the realistic free fermionic models the reduction of the number of 
families together with the breaking of the observable 50(10) is realized 
by isolating full multiplets at two fixed points on the internal manifold. 
In reducing the number of families down to one, different component 
of each family are attached to the two distinct fixed points. We remove 
one full multiplet and simultaneously break the 50(10) symmetry. We 
therefore keep a full multiplet on each twisted plane. In the 50(10) 
models described here a whole 16 or 16 of 50(10) is attached to one 
fixed point. We are therefore not able to break the 50(10), and simul- 
taneously preserve the full Standard Model multiplets. For this reason 
we find that the observable 50(10) cannot be broken perturbatively in 
this class of three generation models, and may only be broken non per- 
turbatively. It is therefore not possible to reduce both the number of 
families down to 3 and break the observable gauge group 50(10) down 
to its subgroups perturbatively. 

We conclude that there is a method to reduce the number of generations 
from 48 to 3. Since we need 4 projectors we need to separate the hidden 
gauge group using 50(8) characters 

To.s — ro,4 ro,4 (9.3.2) 

and we need to break the internal complex manifold to an internal real 
manifold 

r6,6 ^ [ri,i ri,i]3 . (9.3.3) 

If we reduce the number of generations to 3 we cannot break the 50(10) 
observable group to its subgroups, while maintaining a full multiplet. 
The 50(10) observable gauge group cannot therefore be broken pertur- 
batively. We can reduce the number of generations from 48 to 6 using 3 
projectors. This entails that we can choose either to separate the hidden 
gauge group using 50(16) characters, or to leave the internal manifold 
complex. 

We argued above that we cannot break 50(10) down to a subgroup per- 
turbatively, while reducing the number of generations to 3. If we want 
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to break the 5*0(10) symmetry perturbatively, and keep a full 50 (10) 
multiplet from a given twisted plane, we can only reduce the number of 
generations to 6. This can be achieved if we define three different pro- 
jectors like the ones defined in equations ( I7.1.27tt . We are therefore left 
with two options. First, we can use 50(16) characters for the separation 
of the hidden gauge group. We have then constructed only one projec- 
tor which leaves us no other option than to break the complex structure 
using symmetric shifts 

r6,6^r?i. (9.3.4) 

Second, we can use 50(8) characters for the separation of the hidden 
gauge group. In doing so we have constructed two projectors. The third 
can be realized by the symmetric shifts that leave the complex structure 
of the internal manifold intact 

r6,6 ^ ri 2. (9.3.5) 

We have therefore concluded the classification of the chiral x free 
fermionic models with symmetric shifts. In this chapter we have shown 
how liftable models appear in the models discussed. We have elaborated 
on the method we have used to classify all the models. Although we 
have not listed all models of the subclass we are able to derive some 
general properties of these additional models. We have shown that in 
this class of models we do not find realistic three generation models with 
a Calabi-Yau compactification. 
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Discussion 



In this chapter we give a short summary of the issues discussed in this 
thesis. We end with a discussion on the reaHstic free fermionic models 
and give some suggestions for further research. 

In this thesis we have classified the chiral content of the heterotic x 
orbifolds. This classification was possible since we can choose any 
point in the moduli space to describe the chiral content as explained 
in section 13.41 This choice gave us the opportunity to describe the chi- 
ral content of the heterotic Z2 x Z2 orbifolds in the free fermionic con- 
struction. In this thesis we presented a direct translation between 
symmetric shifts in the orbifold construction to symmetric shifts in the 
free fermionic construction. As the hidden Eg gauge group is broken 
to 50 (8) X 50 (8) in the realistic free fermionic models we have in- 
cluded this in our classification. The classification of the chiral con- 
tent therefore includes all models where symmetric shifts are realised 
on the internal space and where the hidden gauge group is broken to 
50 (8) X SO{S) at any point in the moduli space. 

We have started by giving an overview of the general construction of 
string models in chapter |2l We gave an introduction to the orbifold de- 
scription of string theory in chapter|3l We set the string on a circle after 
which we expanded to the general manifold. We then introduced shifts 
and ended this chapter with a discussion of Z2 twists. In this chapter 
we have shown that the twisted sector does not depend on the moduli 
of the internal space. This is an essential ingredient that has allowed 
this classification. In chapter El we constructed the partition function 
of the heterotic string. We isolated some constraints on the partition 
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function due to modular invariance of the theory. This lead to the for- 
mulation of the free fermionic string. Since bosons can only be inter- 
changed with free fermions at the maximal symmetry point, the target 
space in the free fermionic construction is inherently at the maximal 
symmetry point in the moduli space. In chapter |5l we discuss the prac- 
ticalities of constructing a free fermionic model and its spectrum. We 
isolate some sectors that are relevant for the remainder of the thesis. 
Two semi-realistic models are discussed in detail. 

In chapter |6l we use the orbifold description developed in chapter |3] 
to isolate the free parameters of the x orbifold with symmetric 
shifts. We discuss the translation of the orbifold description to the free 
fermionic description. We have specified the basis vectors for the free 
fermionic formulation that describe a shift on the internal space. We 
have shown that the basis vectors that induce the twist on the internal 
space are completely fixed by requiring spinorial representations. In 
chapter [21 we use the free fermionic language to derive formulas that 
describe the chiral content of the Z2 x orbifold with symmetric shifts 
using the methods we explained in chapter |5l Using these formulas we 
have written a computer program in FORTRAN to analyse all heterotic 
Z2 X orbifold models. Using this computer program we gave some 
sample models in chapter |8l In chapter |9l we discussed the general re- 
sults we obtained from the classification. 

In chapter m we have discussed two semi-realistic models. Similarly re- 
alistic models can be constructed using the nahe set basis vectors. All 
these models have one feature in common, which is their Z2 x Z2 orb- 
ifold origin. In chapter |9l we came to the conclusion that there are no 
three generation models with a Z2 x Z2 Calabi-Yau space. The realistic 
free fermionic models do however exhibit three generations. We have 
shown in section l534l that the last vector 7 that realises the reduction of 
the number of generations to three, cannot be written as a linear com- 
bination of symmetric shifts. This vector necessarily induces a different 
type of reduction than the one we have described in this thesis. 

In the free fermionic formulation the moduli of the internal manifold 
are all fixed to the maximal symmetry point in the moduli space. In 
the orbifold description we have left all the moduli untouched. It may 
therefore be the case that the vector that breaks the observable 5*0(10) 
and simultaneously reduces the number of generations to three requires 
the moduli to be fixed at the maximal symmetry point. Research in 
this direction may prove very interesting and may shed some light on 
the dynamical mechanism that singles out the vacuum we observe in 
nature. 
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In this thesis we have focused on the chiral content of the %2 x ^2 
fermionic models of the heterotic string. It is fairly easy to extend this 
analysis to the vectorial sector. Similarly the total C/(l) charge can be 
calculated as a function of the free GSO coefficients. In chapter [7l we 
have isolated the GSO coefficients that completely determine the chi- 
ral content. It is therefore believed that the remaining coefficients de- 
termined the other sectors of the model. Furthermore, as we have ex- 
plained, some very interesting results are to be expected from analysing 
the dual descriptions of the free fermionic formulation of the heterotic 
string. This should be possible as the complete structure of partition 
function is known at the level of the x orbifold with symmetric 
shifts. Likewise we can analyse threshold corrections, helicity super- 
traces and other properties of the semi-realistic models. 

Having given an overview of the thesis together with some suggestions 
for future work, we have come to a closure. 
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Part IV 

Appendix 



Appendix A.l. The Spectrum of the Model Without 

Enhanced Symmetry 
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Appendix B.l. Tables of the Models 



No. 
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2 
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+ 
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+ - 
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8 2 
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7 2 
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5 



Table B.1.1: Inequivalent liftable models with a Eg x U{lf x SO{8) x 
50(8) gauge group. The chiral content of each model is listed per plane 
and numbered, + lists all the positive chiral states per plane while — 
lists all the negative states per plane. The total sum of all the planes is 
then listed and subsequently the net total number of chiral states. The 
list is ordered by the total net number of chiral states. 
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Appendix B.l. Tables of the Models 
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Table B.1.2: Table IbTiI continued. 
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Table B.1.3: Inequivalent llftable models with a Ee x U{lf x SO{l6) 
gauge group. The chiral content of each model is listed per plane and 
numbered, + lists all the positive chiral states per plane while — lists 
all the negative states per plane. The total sum of all the planes is then 
listed and subsequently the net total number of chiral states. The list is 
ordered by the total net number of chiral states. 
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Appendix B.2. Tables of the Simple S'^V Models 
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Table B.1.4: Inequivalent llftable models with a Ee x [/(l)^ x Es 
gauge group. The chiral content of each model is listed per plane and 
numbered, + lists all the positive chiral states per plane while - lists 
all the negative states per plane. The total sum of all the planes is then 
listed and subsequently the net total number of chiral states. The list is 
ordered by the total net number of chiral states. 



No. 


1 

+ 




2 

+ 




total 

+ - 


net 


1 


16 





16 





32 





32 


2 


12 


4 


8 





20 


4 


16 


3 


8 





8 





16 





16 


4 


10 


6 


4 





14 


6 


8 


5 


6 


2 


6 


2 


12 


4 


8 


6 


4 





4 





8 





8 


7 


3 


1 


3 


1 


6 


2 


4 


8 


8 


8 


8 


8 


16 


16 





9 


4 


4 


4 


4 


8 


8 





10 


2 


2 


2 


2 


4 


4 





11 
























Table B.2.1: Inequivalent simple S'^V models. The chiral content of each 
model is listed per plane and numbered, + lists all the positive chiral 
states per plane while — lists all the negative states per plane. The 
total sum of all the planes is then listed and subsequently the net total 
number of chiral states. The list is ordered by the total net number of 
chiral states. 
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